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Foreword

Due to the continuing progress of sensor technology, the availability of 3-D cam-
eras is already foreseeable. These cameras are capable of generating a large set of
measurement points within a very short time. There is a variety of 3-D camera ap-
plications in the fields of robotics, rapid product development and digital factories.
In order to not only visualize the point cloud but also to recognize 3-D object mod-
els from the point cloud and then further process them in CAD systems, efficient
and stable algorithms for 3-D information processing are required. For the auto-
matic segmentation and recognition of such geometric primitives as plane, sphere,
cylinder, cone and torus in a 3-D point cloud, efficient software has recently been
developed at the Fraunhofer IPA by Sung Joon Ahn. This book describes in detail
the complete set of ‘best-fit’ algorithms for general curves and surfaces in space
which are employed in the Fraunhofer software.

Best-fit algorithms estimate curve/surface parameters by minimizing the short-
est distances between the curve/surface and the measurement points. In many tasks
of industrial image processing and optical 3-D measuring techniques, the fitting of
curves and surfaces to a set of points plays an important role. Not only within the
range of coordinate metrology and quality control but also for applications of au-
tomatic real object reconstruction, the fast and accurate fitting of geometric primi-
tives will be of great benefit. By employing the best-fit algorithms in the Fraunhofer
software, it is possible to reconstruct the geometric primitives in a way which is
both CAD- and construction-friendly. The geometric primitives are obtained with
all the necessary model parameters defining the form and orientation of the geomet-
ric primitives in space.

In principle, the software developed at the Fraunhofer IPA can be used every-
where where geometric primitives need to be quickly and automatically recognized
from a given point cloud. Thus robotics represents a broad area of application of the
Fraunhofer software, including the navigation of autonomous vehicles or the grasp-
ing of workpieces. A further application lies in factory digitization; this is concerned
with the construction of a virtual 3-D production environment from an existing fac-
tory building which can be used, for example, as the starting point for simulating
or planning the factory. Here, immense measurement data is produced and it is ex-
tremely time-consuming and therefore cost-intensive to process them manually. The
automatic recognition of geometric primitives enables efficient factory digitization
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because a factory building can be composed by extensively using such simple geo-
metric elements as piping (torus, cylinder) and planes.

The Fraunhofer software is able to segment a 3-D point cloud automatically.
Without further user interaction, the suitable geometric primitives are fitted to the
point cloud and the associating subsets of the point cloud are extracted at the same
time. In order to accomplish this segmentation, no pre-treatment of the point cloud
is required by hand. Furthermore, the point cloud does not have to fulfil special
conditions. Without any point order or point arrangement, it is possible to process a
large point cloud. The real objects must thereby not be completely covered by the
measurement points. Even the incomplete collection of object points, e.g. due to
shadings caused by the limited accessibility of the measuring devices to the object
surface — which occurs frequently with optical sensors — does not cause any difficul-
ties. Also, if a point cloud has been contaminated by severe measurement errors, it is
still possible to obtain very good results. With these characteristics, the Fraunhofer
software is applicable to a wide range of engineering areas where fast and accurate
processing of 3-D point clouds is carried out.

Sung Joon Ahn has been working as a research scientist for the Fraunhofer
IPA in Stuttgart, Germany, since April 1990. For his doctoral thesis, Dr. Ahn was
awarded his research doctorate with the highest academic distinction ‘summa cum
laude’ from the University of Stuttgart on 15th January 2004. This book is a replica
of his doctoral thesis. We look forward to continuing our cooperation with Dr. Ahn
after his return to Korea as a professor of the Sungkyunkwan University, especially
in the fields of computer vision, intelligent robots, digital factories and reverse en-
gineering where we particularly need his professional knowledge.

September 2004 Univ.-Prof. Dr.-Ing. Engelbert Westkdmper
Institute director
Fraunhofer IPA



Preface

Least-squares is a term which implies that the model parameters are determined
by minimizing the square sum of some predefined error measures. If a data set is
a set of measurement points in 2-D/3-D space, the most natural error measure is
the shortest distance between the model feature and the measurement point. This is
because the measurement point is a probable observation of the nearest object point
to the measurement point. The least-squares model fitting with this error measure is
called orthogonal distance fitting (ODF). The square sum of the error distances can
be described in two ways: the distance-based cost function and the coordinate-based
cost function. The numerical methods minimizing these two cost functions are re-
spectively called the distance-based algorithm and the coordinate-based algorithm.

The ODF task has two sub-problems: not only do the model parameters have to
be found but also the shortest distance points on a model feature from each given
point. In general, the shortest distance point is by nature nonlinear to the model
parameters. Thus, the ODF problem is inherently a nonlinear minimization prob-
lem solved through iteration. There are two minimization strategies for solving the
ODF problems through iteration. The fotal method simultaneously finds both the
model parameters and the shortest distance points, whilst the variable-separation
method finds them alternately using a nested iteration scheme. Four combinations
of the two numerical methods and the two minimization strategies can be applied.
The combination of the distance-based algorithm with the total method results in
an underdetermined linear equation system for iteration and is thus impractical for
solving ODF problems. As a result, three algorithmic approaches for solving ODF
problems are realistic:

— Algorithm I: combination of the coordinate-based algorithm with the total method

— Algorithm II: combination of the distance-based algorithm with the variable-
separation method

— Algorithm III: combination of the coordinate-based algorithm with the variable-
separation method.

This book presents the ODF Algorithms I-III for implicit and parametric curves/
surfaces in 2-D/3-D space possessing the following algorithmic features:

— Estimation of the model parameters minimizing the square sum of the shortest
distances between a model feature and the given points in 2-D/3-D space
~ General application to parametric and implicit curves/surfaces
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— Estimation of the model parameters in terms of form, position, and rotation

— General implementation of the distance-based and coordinate-based algorithms
— General implementation of the total and variable-separation methods

— Solving ODF problems with additional constraints

— Provision of parameter-testing possibilities

~ Robust and fast convergence

— Low computing costs and memory space usage

— Low implementation costs for a new model feature

— Automatic determination of the initial parameter values for iteration.

Chapter 1 first reviews the mathematical descriptions of curves and surfaces in
space. The ordinary least-squares fitting algorithm is compared with the ODF algo-
rithm in general and the current ODF algorithms are reviewed in detail. Chapter 2
begins with the ODF of lines/planes which can be solved in closed form. The two
numerical methods, the distance-based algorithm and the coordinate-based algo-
rithm, are then presented in a very general manner without any assumption of the
type of model feature to be fitted at this stage. Chapter 3 deals with Algorithms II
and III for implicit curves/surfaces. To find the shortest distance point on an implicit
feature from a given point, the generalized Newton method and the method of La-
grangian multipliers are described. Chapter 4 deals with Algorithms I-1II for para-
metric curves/surfaces. To locate the shortest distance point on a parametric feature
from a given point, the Newton method and the Levenberg-Marquardt algorithm
are described. Chapter 5 gives two application examples of the ODF algorithms for
object reconstruction. A semi-automatic procedure for segmentation, outlier elimi-
nation and model fitting in point clouds is proposed and examined. Chapter 6 sum-
marizes the contents of this book. Appendices A—C provide practical and helpful
information for applying the general ODF algorithms to fit specific model features.

This book could not have been written without support from many individuals.
First and foremost, I am indebted to my wife Kyung Mi and daughters Eun Bi and
Eun Sol for their patience. I am deeply grateful for their love and support. I would
like to thank Prof. Dr.-Ing. Engelbert Westkdmper for the advice and financial sup-
port he has given to my research work at the Fraunhofer IPA. T would also like to
thank Prof. Dr.-Ing. Hans-Jiirgen Warnecke, the former president of the Fraunhofer
Society, who met me in Korea and motivated me to work here. I owe special thanks
to Prof. Dr.-Ing. Rolf Dieter Schraft and Prof. Dr. sc. nat. Wolfgang Osten who
helped me to complete my research works. I thank Mrs. Schlieer for making many
improvements to the manuscript. I also thank the many past and present colleagues
for their constructive discussions and practical support. In particular, sincere thanks
go to Dr.-Ing. Kai-Udo Modrich and Dr.-Ing. Wolfgang Rauh, Heads of the Depart-
ment of Technical Information Processing at the Fraunhofer IPA, who supported my
work.

September 2004 Sung Joon Ahn
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1. Introduction

The parametric model description of real objects is a subject relevant to coordinate
metrology, reverse engineering, and computer/machine vision, with which objects
are represented by their model parameters estimated from the measurement data
(object reconstruction, Fig. 1.1). The parametric model description has a wide range
of application fields, e.g. manufacturing engineering, particle physics, and the en-
tertainment industry. The alternative to parametric model description is facet model
description that describes objects by using the polygonal mesh generated from a
point cloud. Although the facet model description is adequate for object visualiza-
tion and laser lithography, it does not provide applications with such object model
information as shape, size, position, and rotation of the object. The facet model de-
scription has a limited accuracy in representing an object and demands considerable
data memory space. For a faithful representation of objects using a polygonal mesh,
a dense point cloud should be available as input data.

On the other hand, the parametric model description provides applications with
highly compact and effective information about the object. The minimum number of
the data points required for estimating model parameters is usually about the same
as the number of model parameters. The data reduction ratio from a dense point
cloud to the parametric model description is usually to the order of one thousandth.
The parametric model description is preferred by most applications because of its
usability and flexibility. For certain applications, such as in coordinate metrology
and motion analysis, only the parametric model description is of real interest. If a
real object can once be represented by its model parameters, the parametric model
description can then be converted or exported to other formats including the facet
model description (product data exchange [59]). The disadvantage of the parametric
model description is the analytical and computational difficulties encountered in
estimating the model parameters of real objects from their measurement data (point
cloud).

This work aims at using the parametric model description for reconstructing
real objects from their measurement points. The overall procedures for object re-
construction can be divided into two elements, 3-D measurement and 3-D data pro-
cessing (Fig. 1.1). In recent years, noticeable progress has been made in optical
3-D measurement techniques through interdisciplinary cooperation between opto-
electronics, image processing, and close-range photogrammetry. Among the diverse
optical 3-D measuring devices, the laser radar is capable of measuring millions of
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Applications:
coordinate metrology,
reverse engineering

3-D measurement: .
photogrammetry, CT, |—>| 3-D point cloud [C—>|  segmentation,

3-D data processing:

acoustic, tactile method curve/surface fitting

Fig. 1.1. Parametric model recovery ofreal objects

dense 3-D points in a few seconds under various measuring conditions such as object
surface material, measuring range, and ambient light [43], [56], [78]. An example
of the application of laser radar is the digital documentation of an engineering plant
that mainly consists of simple geometric elements such as plane, sphere, cylinder,
cone, and torus. Demands for 3-D measurement techniques and the 3-D data vol-
ume to be processed are rapidly increasing with continuing scientific and technical
development.

In contrast to the recent progress made in 3-D measurement techniques, that of
software tools for 3-D data processing has virtually stagnated. The software tools
that are currently available demand an intensive user action for documenting a com-
plex real world scene. In practice, segmentation and outlier elimination in a point
cloud is the major bottleneck of the overall procedure and is usually assisted by a
human operator. It is accepted that no general software tool exists for the fully auto-
mated 3-D data processing of a real world scene [43], [56], [78]. Thus, considering
the remarkable 3-D data throughput of advanced 3-D measuring devices, the devel-
opment of a flexible and efficient software tool for 3-D data processing with a high
degree of accuracy and automation is urgently required for applications of advanced
optical 3-D measurement techniques in many engineering fields.

With the software tools for 3-D data processing, model fitting algorithms play
a fundamental role in estimating the object model parameters from a point cloud.
These are usually based on the least-squares method (LSM) [36] determining model
parameters by minimizing the square sum of a predefined error-of-fit. Among the
various error measures, the shortest distance (also known as geometric distance,
orthogonal distance, or Euclidean distance in literature) between the model feature
and the given point is of primary concern where dimensional data is being pro-
cessed [1], [29], [61]. For a long time however, the analytical and computational
difficulties encountered in computing and minimizing the geometric distance errors
blocked the development of appropriate fitting (orthogonal distance fitting, ODF)
algorithms [20], [21]. To bypass the difficulties associated with ODF, most data
processing software tools use the approximating measures of the geometric error
[22], [26], [32], [48], [51], [53], [67], [73], [76]. Nevertheless, when a highly ac-
curate and reliable estimation of model parameters is essential to applications, the
only possibility available is to use the geometric distance as the error measure to
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be minimized [29], despite the high computing costs and the difficulties involved in
developing the ODF algorithms. Actually, the use of the geometric error measure
has been prescribed by a recently ratified international standard for testing the data
processing softwares for coordinate metrology [60].

Another performance factor of a software tool for 3-D data processing is the de-
gree of automation of the object recognition procedure. Object recognition, includ-
ing object detection and identification, is a highly relevant subject to reverse engi-
neering and computer/machine vision. Object recognition is usually a sophisticated
decision procedure analyzing all the available information about the objects, such
as point cloud, object surface texture and color. Even human intelligence sometimes
has difficulties in recognizing objects in a point cloud if no additional information
is available. The availability of a fully automatic technique for object recognition is
not expected in the near future. In the interim, a semi-automatic solution for object
recognition in a point cloud would be welcomed which would minimize the user
involvement in segmentation and outlier elimination.

Under the circumstances discussed above, this work deals with the development
of ODF algorithms and their application for object recognition in a point cloud. Five
ODF algorithms (two new for implicit features F(a, X) = 0, another two new for
parametric features X(a, u), and a known one for parametric features) are described
below and compared in a well-organized and easily understandable manner. As any
explicit feature Z = F(a, X, Y) can be simply converted to both implicit and para-
metric features, any analytic (i.e., explicit, implicit, or parametric) curve and surface
in space can be fitted using these five ODF algorithms. As a practical application of
the ODF algorithms, in this work an efficient object recognition procedure ‘Click &
Clear’ is presented, which is an interactive procedure between segmentation, outlier
detection, and model fitting utilizing the advantageous algorithmic features of the
new ODF algorithms.

1.1 Curves and Surfaces in Space

1.1.1 Mathematical Description

Analytic curves/surfaces in 2-D/3-D space can be mathematically described in ex-
plicit, implicit, or parametric form as shown in Table 1.1. The explicit features are
the subset of the implicit and parametric features. For example, an explicit surface

Z = F(a,X)Y)

can be simply converted not only to an implicit surface
G(a,X,Y,2)2Z - F(a,X,Y)=0

but also to a parametric surface

X(a,u,v) u
Y(a,u,v) | £ v
Z(a,u,v) F(a,u,v)
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Table 1.1. Curves and surfaces in a rectangular coordinate system

Description Plane curve Space curve Surface
Explicit Y = F(a, X) (}z/) = (géﬁ Q) Z=F(aX,Y)
Implicit F(a,X,Y)=0 (g((ﬁ iif, ‘g))) =0 F(aXY,2)=0

X(a,u) X(a,u,v)

Parametric (gga, u)) Y(a,u) Y(a,u,v)

Y Z(a.u) Z(a,u,v)

In comparison with implicit or parametric features, the use of explicit features for
applications is limited due to the fact that explicit features are axis-dependent and
single-valued, e.g. a full circle/sphere cannot be described in explicit form (Fig. 1.2).
With diverse applications handling dimensional models or objects, the usual descrip-
tive form of a curve/surface is the implicit or parametric form [3], [30], [62]. Hence
the main emphasis associated with the aim of this work, i.e. dimensional model
fitting, is concentrated on the use of implicit and parametric features.

The distinctive model feature in Table 1.1 is the space curve (3-D curve). 3-D
curves can be found in many disciplines of science and engineering such as com-
puter vision, motion analysis, coordinate metrology, and CAGD. Although a 3-D
curve can be created by intersecting two implicit surfaces, the question as to how to
properly select, if they exist, the two implicit surfaces creating the target 3-D curve
is not clear to answer. For example, there are a number of ways of creating a 3-D cir-
cle by intersecting two quadric surfaces. Even if the apparently best pair of implicit
surfaces have been selected (e.g. a plane and a cylinder for creating a 3-D circle), the
use of two surfaces implies an unnecessarily large set of model parameters (overpa-
rameterization). Consequently, with model fitting, the proper constraints have to be
found and applied between model parameters, which remove the excessive freedom
in parameter space. Therefore, the use of two implicit surfaces for describing a 3-D

YA Explicit: y=+/r>—x* (upper semi-circle).
. 2 2 2

5 (x,7) Implicit: X" +y°=r"=0.
r

4 Parametric: [“ ]:{mf's”} Osu<2r.

- y rsinu

(Xo, Xo) x
Rigidbody (X) (x) (X,
motion: | y | 7| 4 Y,

Fig. 1.2. Mathematical description of a 2-D circle

|

'
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curve should be avoided with applications. In contrast, many useful 3-D curves such
as a helix can only be efficiently described in parametric form. For these reasons the
parametric form is preferable to the implicit form for describing a 3-D curve. A
more detailed comparison of and discussion about the mathematical description of

curves and surfaces in implicit and parametric form can be found in literature [3],
(23], [301, [62], [72].

1.1.2 Rigid Body Motion of Model Features in Space

Generally, a model feature is arbitrarily located and oriented in space. With the ap-
plications of computer vision, motion analysis, robotics, and visualization, the rigid
body motion of model features is of great interest. Thus, a model fitting algorithm
would be highly advantageous for applications if model parameters a are grouped
and estimated in terms of form ag, position aj,, and rotation parameters a,

aT £ (af, af, o)

= (al,---,al,Xo»Yo,Zo,“-’,‘P,ﬂ)
e et N e N
l n s
= (al,...,ap) .
N ——
14

The form parameters ag (e.g. radius r of a circle/sphere/cylinder, axis-lengths a, b, ¢
of an ellipsoid) represent the shape and size of the standard (canonical) model fea-
ture defined in a model coordinate system xyz

f(ag,x) =0  with  ag=(ay...,a)T 1.1
for implicit features (Fig. 3.1), and,
x(ag, u) with ag = (a1,...,a)" (1.2)

for parametric features (Fig. 4.1). The form parameters are invariant to the rigid
body motion of model feature. The position parameters ap and rotationparame-
ters a, determine the rigid body motion of model features in a machine coordinate
system XYZ (see Sect. B.1.3)

X=Rx+X, or x=R(X-X,), where
R=R,,x=(rx 1y 5;)T, R '=RT, (1.3)
T
ap = Xo = (X(); YVO’ ZO)T ’ and ar = (‘%‘Pa’") .
The form parameters are characterized as intrinsic parameters and the posi-
tion/rotation parameters as extrinsic parameters of a model feature according to
their context. A model feature is then identified and classified according to its in-

trinsic parameters, independent of the varying extrinsic parameters, i.e. even after
a rigid body motion. The functional interpretation and treatment of the extrinsic
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parameters (1.3) are basically the same for all model features in 2-D/3-D space.
By combining (1.1)—(1.3) a model feature can be defined in a machine coordinate
system XYZ

F(ag,ap,ar,X) é f(ag’x(ap’ar’x))
= f(ag’R(X_xo)) =0

for implicit features, and,
X(ag’ ap, ar, 11) = R_lx(aga 11) + XO

for parametric features.

1.1.3 Model Hierarchy

By utilizing the parameter grouping in terms of form, position, and rotation param-
eters as proposed in Sect. 1.1.2, the hierarchical interface between model features
can be constructed (Fig. 1.3). For example, a sphere, the generalization of a point
in 3-D space, is a special instance of an ellipsoid that is again a special instance of
a superellipsoid (Fig. 1.3d). The hierarchical model interface permits efficient and
advantageous parameter initialization and model selection with model fitting.

The initial parameter values for the iterative model fitting can be obtained by
fitting a low-level model feature to the same set of data points (see Sect. 3.3 and
[9]). For example, the initial parameters for the superellipsoid fitting can be succes-
sively obtained from the sphere and the ellipsoid fitting. For the initial parameters
for the sphere fitting, the mass center and the rms central distance of the set of points
are used. By fitting a lower level model feature to the same set of data points, the
parameter initialization preconditions a stable and robust convergence of the itera-
tive model fitting because the model parameter values experience no abrupt changes
with model transition. In other words, the two model features before and after model
transition look the same (e.g. the case of transition from a sphere to an ellipsoid) or
similar (e.g. the case of transition from a 3-D circle to a torus).

It is to be noted that ODF problems associated with the most primitive features
in the model hierarchy can be solved in closed form (line/plane fitting) or their
initial parameter values can be determined in closed form (circle/sphere fitting).
This means that the overall procedure for iteratively fitting many model features
can be carried out automatically by successively using the internally-supplied initial
parameter values. The strategy for obtaining the initial parameter values for iterative
model fitting is summarized below:

e Usage of the resultant parameter values from a low-level model fitting as the
initial parameter values for a high-level model fitting (Fig. 1.3)

e Usage of the 3-D line parameter values and the rms centroidal error distance as
the initial parameter values for the rod-cylinder fitting (Fig. 1.3a)

e Usage of the mass center and the rms central distance as the initial parameter
values for the circle/sphere fitting (Fig. 1.3d)
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e Usage of the plane parameter values and parameter values of the projected 2-
D circle on the plane as the initial parameter values for the 3-D circle fitting
(Fig. 1.3b and Fig. 1.3c)
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Fig. 1.3. Evolution of model features: (a) Cone and helix via rod-cylinder; (b) Cone via disc-
cylinder and helix via 3-D circle; (c) Torus via 3-D circle; (d) Superellipsoid via ellipsoid
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¢ If necessary, allow jumping or crossing in the model hierarchy (e.g., use the mass
center and the rms central distance as the initial parameter values for the ellipsoid
or the superellipsoid fitting (Fig. 1.3d)).

Selection of the proper model feature such as the decision between sphere and
ellipsoid (Fig. 1.3d, see also Sect. 5.3.1) for a set of given points is a relevant issue to
many applications. To explain the strategy for model selection, the following general
procedure for least-squares model fitting has been assumed:

1. Observation (measurement) of the real object points

2. Proposition of a mathematical model description for the real object with un-
known model parameters

3. Estimation of the model parameters by minimizing the square sum of the pre-
defined error-of-fitbetween the object model and the object observation

4. Testing the reliability of the estimation results

5. If necessary, changing of the model and repetition of the procedure from the
third step onwards. If not required, the procedure can then be terminated.

The ODF algorithms described in this work provide helpful information about
the quality of the estimation results. This includes the square sum o3 (see (2.20)—
(2.21)) of the Euclidean error distances and the parameter covariance matrix Cov(a)
(see (2.35)—(2.37)). The index ag indicates the overall performance of the model se-
lection and model fitting. The covariance matrix also makes a qualitative insight
into the estimated parameters possible, such as the standard deviations and correla-
tion coefficients of the estimated parameters. The general criteria for selecting the
correct model feature for a set of given points are briefly noted below:

e A better model feature has a smaller performance index o2

e A simple model feature, i.e. a low-level model feature having a small number of
parameters, is preferred to a complex one

o A reliable model feature has low variances and weak correlations of the estimated
model parameters

e The a posteriori error distance (residual) /02 /(m + g — p) resulting from the
correct model selection and model fitting should be about the same as the apriori
error level of the measuring device used.

The use of the above criteria is explained by comparing the sphere fitting with
the ellipsoid fitting. The resulting performance index o ofan ellipsoid fitting is gen-
erally smaller than that of a sphere fitting for the same set of points. Hence an ellip-
soid could be regarded as a correct model feature, even though an ellipsoid is more
complex than a sphere. However, if the set of points has a sphere-like distribution or
represents only a small portion of a sphere/ellipsoid, the resulting o2 shows no sig-
nificant difference between the ellipsoid fitting and the sphere fitting. Furthermore,
the covariance matrix of the ellipsoid parameters suggests an overparameterization
in terms of relatively large standard deviations and strong correlations between the
estimated ellipsoid parameters. In this case, a sphere is thus selected as the correct
(reliable) model feature for the given set of points. For further information, please
refer to [28] for the statistical methods for model selection (hypothesis test).
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1.2 Curve and Surface Fitting
1.2.1 Applications of Curve and Surface Fitting

The fitting of curves/surfaces (model) to a set of measurement data is the most fre-
quently performed elementary task in many disciplines of science and engineering.
In fact, almost every sector of science and engineering is concerned with curve or
surface fitting. The fields of application of curve/surface fitting are very vast and
practically unlimited. In this section, a short application list is given of model fitting
to a set of given data points in 2-D/3-D space (point cloud, coordinate data set).

Historically, the least-squares method (LSM), the de facto mathematical tool for
model fitting, was developed in 1795 by the German mathematician C.F. Gauss [36]
and applied by him to locate the newly-discovered and then lost asteroid Ceres in
1801. Another example of application of model fitting in astronomy is the ellipse
fitting to the image contour of a galaxy which is classified by its shape in telescopic
image.

At the other end of the dimensional scale, model fitting finds its applications in
computer-aided drug design and computational chemistry/biology. The molecular
surface of a drug (ligand) requires matching with the binding site on the receptor
(protein) surface in order to precondition energetic interaction (molecular docking)
between the two molecules. In particle physics, curve fitting to the flight trajectory
of a particle split from an atom by an accelerator is a task which is essential in order
to determine particle properties.

With pattern recognition and computer/machine vision, model fitting plays an
important role in extracting geometric information from objects taken in 2-D image
or 3-D range image containing the curve/surface structures of the objects. The model
parameters obtained are used for scene interpretation and object reconstruction. In
the case of motion analysis - which is a substantial task carried out in robotics,
ergonomics, sport science, and entertainment industry techniques - the motion pa-
rameters of a moving object are determined by fitting curves to the sampled points
of the object trajectory.

Model fitting to the measurement points of real objects is a central task in coordi-
nate metrology, reverse engineering, and CAD/CAM, where the workpieces require
a mathematical description with their model parameters (parametric model recov-
ery, Fig. 1.1). Model fitting is of particular interest in coordinate metrology, where
the ultimate goal is the accurate and reliable determination of the geometric param-
eters (shape, size, position, and rotation parameters) of measurement objects. One
of the methods possible with CAGD for converting a curve/surface to another one
(geometric data exchange) is to fit the second curve/surface to the sampled points of
the first one.

1.2.2 Algebraic Fitting Vs. Geometric Fitting

There are two categories of least-squares curve/surface fitting in literature, i.e. alge-
braic fitting and geometric fitting. These are differentiated by their respective def-
inition of the error measure to be minimized [22], [34], [71], [75]. Although the
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terminology originated with the fitting problems of implicit curves/surfaces, it re-
flects the research efforts made in past decades to develop fitting algorithms for
general curves/surfaces.

A highly representative class of curves/surfaces is the algebraic curve/surface
described by an implicit polynomial equation with the algebraic parameters b (poly-
nomial coefficients)

14
F(b,X)£) b;X%Yh =0 with 0<kj+l;<o0 Vj
j=1

for algebraic plane curves, and,

j4
F(b,X) £ b;XbYbz™ =0 with 0<kj+1+m;<o Vj (14)
Jj=1

for algebraic surfaces. The positive integer o is the order of polynomials and is
equal to the maximum number of intersections between the algebraic curve/surface
and a straight line. Assuming the use of arbitrary order polynomials, many kinds of
curves/surfaces can be represented by algebraic curves/surfaces.

If F(b,X;) # 0, the given point X; does not lie on the model feature, i.e. there
is some error-of-fit. The error measure F(b,X;) is termed algebraic distance in
literature. A quick and straightforward method of fitting an algebraic curve/surface
to a set of given points {X;}{2; is to determine the algebraic parameters {b;}}_,
which minimize the square sum of the algebraic distances at each given point (alge-
braic fitting) [22]

mbinZF2(b, X;) . 1.5

=1

Because the algebraic distance F(b, X;) is expressed in linear terms of the algebraic
parameters {b; };7:1, the algebraic fitting problem can be solved in closed form at
low implementation and computing cost.

However, algebraic fitting has drawbacks in accuracy. Also, the physical inter-
pretation of the algebraic distance F'(b, X;) and the parameters {b;}}_, is gener-
ally not clear with regard to real applications. In exceptional cases, e.g. algebraic
line/plane fitting (also known as linear regression in statistics)

m
min Y (Z; —aX; — bY; —¢)?, (1.6)
a,b,c 4
i=1
the algebraic distance is the vertical distance of the given point X; to the fitted
line/plane. The algebraic parameters of a line/plane can be interpreted as the normal
direction of the line/plane and as the distance (although not yet normalized through
the length of the normal vector) between the line/plane and the origin of coordi-
nate frame. Unfortunately, when the given points are sampled from a vertical object
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line/plane, algebraic line/plane fitting (1.6) gives a clearly unacceptable result, that
of a slanted (biased) line/plane, due to the fact that the algebraic distance of any off-
the-line/plane point becomes infinite with a vertical line/plane. Also, with algebraic
circle/sphere fitting ([49], [65])

m

r,XI:,l%/I:,Zo ;[(Xi = Xo)? + (Yi = Yo)? +(Zi - Zo)* = 7*)2, 1.7
the algebraic distance can be interpreted as the annulus area between the fitted circle
(or the middle section of the fitted sphere) and the concentric circle passing through
the given point X;. Especially if the data points are sampled from a small portion
of an object circle/sphere, the algebraic circle/sphere fitting (1.7) gives a smaller
(biased) circle/sphere than the original one. This is because the square sum (1.7)
is minimized much more with a smaller annulus radius than with a smaller annulus
width (a variation of the annulus radius results in a quadratic variation of the annulus
area, while the annulus width results in a linear variation).

In the case of fitting general implicit curves/surfaces, it is highly difficult, if not
impossible, to find a physical interpretation of the algebraic distance. Also, with the
exception of algebraic features up to the second order (i.e. conic section and quadric
surface), there is no efficient method for extracting the physical information (such
as shape, size, location, and orientation) of the model feature from the estimated
algebraic parameters. In other words, it is not known what has been minimized and
then obtained in terms of physical quantities. The known disadvantages of algebraic
fitting are listed as follows [8], [58], [60], [66], [67], [70]:

e Error definition does not comply with the measurement guidelines

o Conversion of the algebraic parameters to the physical parameters (shape, size,
position, and rotation parameters) is highly difficult

¢ Fitting errors are weighted

o The estimated model parameters are biased

e It is very difficult to test the reliability of the estimated model parameters (partic-
ularly in terms of the physical parameters)

e The fitting procedure sometimes ends with an unintended model feature (e.g. a
hyperbola instead of an ellipse)

e The model parameters are not invariant to coordinate transformation (e.g. a par-
allel shift of the set of given points causes changes not only in position but also
in the form and rotation of the estimated model feature).

To enhance the algebraic distance F'(b, X;), the first order approximation of the
shortest distance of the given point X; to the algebraic feature is recommended as
the better error measure (normalized algebraic distance) [71], [76].

m 2
man(HVFF(,‘()b);))”> with V£ (8/8X,0/8Y,8/0Z)T.  (1.8)

Although the use of normalized algebraic distance improves the results of algebraic
fitting, the drawbacks listed above remain unchanged. As an unwanted side-effect,
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algebraic fitting with normalized algebraic distances cannot be solved in closed
form. However, because of the advantages regarding implementation and comput-
ing costs, the algebraic distance Fi(b, X;) (1.5) or normalized algebraic distance
F(b,X;)/||[VF(b,X;)|| (1.8) has been selected as the error measure for many ap-
plications.

In geometric fitting, also known as orthogonal distance fitting or best fitting,
error distance is defined as the shortest distance (geometric distance) from the given
point to the model feature

- X! 1.9
b{X’}"‘leFZ“ Xl (19

where {X!}7, are the nearest points on the model feature F' to each given point
{X;}2,. With applications of model fitting in 2-D/3-D space, the natural and best
choice of error measure is the geometric distance || X; — X}|| [1], [29], because a
measurement point is the probable observation of the nearest object point to the
measurement point [1]. The use of geometric distance as the error measure to be
minimized by model fitting is also prescribed in coordinate metrology guidelines
[58], [60]. Because the geometric distance is invariant to coordinate transformation
(translation and rotation), it avoids some of the drawbacks of algebraic fitting listed
onp. 11.

Unfortunately, contrary to its clear and preferable definition, the geometric dis-
tance is generally nonlinear to the model parameters (compared with the algebraic
distance F(b,X;) which is linear to the algebraic parameters b (1.4)). Taking this
fact alone into consideration, the tasks involved in computing and minimizing the
square sum of the geometric distances (1.9) for general features are highly complex,
with the exception of a few model features (line/plane and circle/sphere). The prob-
lem of geometric line/plane fitting can be solved in closed form [61] because the
geometric distance is linear to the line/plane parameters. For circles/spheres which
have no rotation parameters (highly nonlinear by nature) and permit the geometric
distance to be described in closed form, a stable geometric fitting algorithm exists
[87].

Due to the analytical and computational difficulties involved, a geometric fitting
algorithm for general model features was reported in literature first in 1987 [20].
In order to bypass the difficulties, diverse approximating measures (including the
normalized algebraic distance (1.8)) of the geometric distance have been used par-
ticularly for applications in computer/machine vision [26], [32], [48], [51], [53],
[67], [73]. Due to the fact that the performance gap between algebraic fitting and
geometric fitting is wide and unable to be bridged using the approximating mea-
sures of the geometric distance, many research efforts have been made to develop
geometric fitting algorithms (see the next section for a review [20], [25], [34], [44],
(451, [61], [74], [75], [87D).

Besides choosing the geometric distance as the error measure to be minimized,
additional algorithmic features are also required for a geometric fitting algorithm in
order to completely overcome the drawbacks of algebraic fitting as listed on p. 11.
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Taking into account the rigid body motion (see Sect. 1.1.2) and the difficulty in con-
verting the algebraic parameters b to the physical parameters a, a geometric fitting
algorithm would be highly advantageous for many applications if model parameters
a can be estimated in terms ofform a,, position ay,, and rotation parameters a,

2
. ZH i — Xi
ag,ap,a,,{x },=1€F

Moreover, a geometric fitting algorithm would be helpful for applications, particu-
larly in coordinate metrology, if the reliability (variance) ofthe estimated parameters
could be tested. In summary, as far as data points in 2-D/3-D space are concerned,
the objective is to develop generally applicable and computationally efficient algo-
rithms for the geometric fitting (orthogonal distance fitting) of curves and surfaces,
which estimate model parameters in terms of form, position, and rotation parame-
ters, and provide parameter testing possibilities.

1.2.3 State-of-the-Art Orthogonal Distance Fitting

A century ago, K. Pearson [61] elegantly solved the ODF problem of line/plane in
space in closed form by using the moment method (see Sect. 2.1). The ODF problem
of any other curve/surface than a line/plane is a nonlinear least-squares problem
which should thus be solved using iteration. Although there are a few dedicated ODF
algorithms for relatively simple model features such as circles/spheres and ellipses
[34], [87], in this section the general ODF algorithms for explicit [20], implicit [44],
[75], and parametric [25], [45], [74] curves and surfaces are reviewed (Table 1.1 and
Table 1.2).

Boggs et al. [20] developed a general ODF algorithm for explicit features
Z = F(b, X, Y) and laid open the program source code [21]. Since then, their-
algorithm has been chosen as the standard ODF algorithm for many applications,
despite the limited usability of the explicit features as mentioned in Sect. 1.1.1.
Their algorithm simultaneously determines the model parameters {b;},_; and the

Table 1.2. Orthogonal distance fitting algorithms for curves and surfaces

Algorithm Curve/surface D:t ;mfgg} 1}?2 10{ P;::Eﬁ:?
Boggs [20] &= F(b.’ ‘.X’ Y), Simultaneous None
explicit

Helfrich [44], F(b,X) =0, ,

Sullivan [75] implicit Alternate Rore
Butler [25], X(b,u),

Helfrich [45] parametric Aty hNoue
Sourlier [74] X{a;m), Simultancous g, ap, a.

parametric
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nearest points {X}}™; on model feature from each given point {X;}~,. With the
realistic assumption of m >> p, memory space usages and computing costs increase
to the order of O(m?) and O(m?), respectively, unless a sparse matrix algorithm
[38] is used additionally. The model parameters {b;}._, are not estimated in terms
of form, position, and rotation parameters.

Helfrich et al. [44] presented a general ODF algorithm for implicit features
F(b, X) = 0 without the grouping of the parameters of form, position, and rota-
tion. Because their algorithm alternately determines the model parameters {b; }7_,
and the shortest distance points {X}}™, in a nested iteration scheme, memory space
usages and computing costs are proportional to the number of data points, i.e. to the
order of O{m). A similar algorithm for algebraic features (1.4) is presented in [75].

Butler et al. [25] formulated a general ODF algorithm for parametric features
X(b, u) without the grouping of the parameters of form, position, and rotation.
Their algorithm alternately determines the model parameters {b;}?_, and the short-
est distance points {X;},. A drawback of this algorithm is the poor convergence
performance on 3-D curve fitting [77]. A similar algorithm is presented in [45].

Sourlier [74] developed a new general ODF algorithm for parametric features
X(a, u) with the grouping of the parameters of form, position, and rotation. A fur-
ther advantage of this algorithm is the low implementation cost for a new model
feature, because only the first derivatives of X(a, u) are required. The algorithm
simultaneously determines the model parameters {a;}r_, and the shortest distance
points {X/}™,, thus requiring considerable memory space and high computing cost
if a sparse matrix algorithm is not used additionally. Another drawback of this al-
gorithm is the poor convergence performance if the initial parameter values are not
close enough to the final estimation values.

Reviewing the current ODF algorithms in literature (Table 1.2) and considering
the usability of implicit and parametric features compared to that of explicit fea-
tures (Sect. 1.1.1), the current ODF algorithms do not possess all of the following
algorithmic advantages desired:

Fitting of general implicit or parametric features defined in 2-D/3-D space
Estimation of the model parameters in terms of form, position, and rotation pa-
rameters

Robust and rapid convergence

Low computing cost and memory space usage

Low implementation cost for a new model feature.

If an ODF algorithm could be developed for use with all the above-mentioned ad-
vantages, it would be highly promising for 2-D/3-D data processing applications in
many disciplines of science and engineering as listed in Sect. 1.2.1.

1.2.4 ISO 10360-6 and Industrial Requirements of CMM Software Tools

In the early 1980’s, when all the hardware (mechanical and electronic) technologies
essential to the construction of a highly-accurate coordinate measuring machine
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(CMM) were being developed and came into use [83], [84], coordinate metrol-
ogy researchers examined the software tools integrated in CMM for fitting model
curves/surfaces to measurement points. Surprisingly, they found there were signifi-
cant inconsistencies in the CMM software tools provided by different CMM manu-
facturers [85], [86], [82]. The CMM as a system consisting ofhardware and software
was then suddenly suspected as being unreliable, thus triggering a software crisis in
the circle of CMM users and manufacturers.

As the applied algorithm techniques were kept confidential by each CMM man-
ufacturer (this situation remains unchanged even now), it was practically impossi-
ble to eliminate the software inconsistencies by comparing the algorithm techniques
used and, if necessary, by duplicating the best one. Consequently, a series of inter-
national research projects was launched in order to establish an objective method
for testing CMM software tools without requiring CMM manufacturers to disclose
their software techniques (black-box approach). The research results have now been
crystallized in the recently ratified ISO 10360-6 [60]:

e Testing method: evaluation of the accuracy of a CMM software tool by com-
paring the parameter values of the test model features estimated by the software
under test with the reference values prepared by the reference software [63], [29],
[24]

o Feature parameterization: definition of the effective and competent set of pa-
rameters representing the test model feature [14] (Table B.1)

o Parameter estimation criterion: minimization of the square sum of predefined
error measures (least-squares method [36])

¢ Error measure definition: geometric distance between the test model feature
and the given point [29], [58]

e Set of data points: rectangular coordinate values of a 2-D/3-D set of points em-
ulating the real measurement points of the test model feature arbitrarily located
and oriented in the predefined measurement volume [42], [81].

The testing procedure is carried out for a maximum of nine test model features (Ta-
ble B. 1). For each test model feature, multiple sets of a few data points are prepared.
A set of points represents only a small portion of a test model feature usually having
an extreme shape such as the quarter face of a long-rod cylinder or of a thin-disk
cylinder (as an example, see the set of points used by the cone fitting in Sect. 3.3.2).

The point measurement accuracy of the high-end products on the current CMM
market is at the level of 1-2 zm for a measurement volume of 1 m3. To retain the
overall accuracy of CMM’s at a high level, the CMM software tool used for pro-
cessing the measurement data must be at least 5-10 times more accurate than the
point measurement accuracy of the host CMM. ISO 10360-6 gives full details of
the accuracy evaluation and testing method for CMM software tools, without giv-
ing any indication of how to realize a highly-accurate CMM software tool. With
ISO 10360-6 now coming into force, CMM manufacturers are required to present
their own certificate of software accuracy to their client.

The CMM software tool based on the new ODF algorithms described in this
work has successfully passed the testing procedures carried out by the German fed-
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eral authority PTB and has obtained the supreme grade of software accuracy (higher
than 0.1 gm for length unit and higher than 0.1 purad for angle unit for all param-
eters of all test model features with all sets of data points). In the following three
chapters, a detailed description is given of four new ODF algorithms and one known
algorithm in a well-organized and easily understandable manner. In Chap. 2, after an
introductory review of the moment method for line/plane fitting, two computational
frameworks for solving the general ODF problem are proposed. The applications
of the frameworks for the ODF problems of implicit and parametric curves/surfaces
are described in Chap. 3 and Chap. 4, respectively. Appendix B gives the key formu-
las necessary for implementing the new algorithms for the nine test model features
defined in ISO 10360-6.



2. Least-Squares Orthogonal Distance Fitting

The orthogonal distance fitting (ODF) of general curves and surfaces is by nature
an analytically and computationally difficult problem. In order to start with a soft
example, this chapter begins by reviewing the moment method (linear ODF) for
line/plane fitting which K. Pearson [61] solved in closed form a century ago. The
general aim of ODF is then defined and classified into three categories of ODF
problems encountered in applications, namely, point-to-point matching, template
matching, and curve/surface fitting. For solving general nonlinear ODF problems
in a unified manner, two computational frameworks are proposed. These are the
distance-based algorithm and the coordinate-based algorithm; their implementa-
tion for general implicit and parametric curves/surfaces is explained in Chap. 3 and
Chap. 4, respectively. In this chapter, to give simple application examples of the
proposed frameworks, the circle/sphere fitting problem is solved in a straight man-
ner due to the fact that a circle/sphere has no rotation parameters and permits the
geometric error distance to be described in closed form.

2.1 Moment Method for Line and Plane Fitting

The orthogonal distance fitting of line/plane is a linear problem and can thus be
solved in closed form at a very low computing cost. Although it is the easiest ODF
problem and was solved long ago, the significance of line/plane fitting should not
be overlooked because most man-made objects can be represented by lines/planes.
Moreover, because of its closed-form solution and low computing cost, the resulting
parameter values from the line/plane fitting should be used wherever possible as the
initial parameter values for the iterative fitting of other model features (see Fig. 1.3).
For formulating the problem and solution of line/plane fitting in a comprehensive
manner, the concept of point mechanism [17] and the modern matrix computational
tool of singular value decomposition (SVD) has been used [40], [64].

2.1.1 Line Fitting

The line containing the point X, and parallel to the unit vector r in n-dimensional
space (n > 2) can be described in parametric form below:

X, +ur  with Irf =1 and —xc<u<gowo. 2.1
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The square sum of the orthogonal distances from each given point {X;}/%, to the
line (2.1) is

z22 Z yxr|?. (2.2)

Given 1, X, is looked for which minimizes (2.2), e.g. for n = 3,

g;(o =-2 (zm ~Xa), D_(Yi~Ya), Y (Zi- zo>) (I—rr?) =07,

i=1 =1 i=1
(2.3)

With r of arbitrary direction not parallel to any axis of the coordinate frame XYZ,
there is only the trivial solution to (2.3)

Do (Xi=Xo) = (%~ Yo) = 3 (%~ Z,) = 0. 2.4)

From (2.4), we obtain (parallel-axis theorem [17])

_ 1 B . I
X:EE i Yo=Y = E;Yi’ Zo=Z=—3 7 Q25

Ifr is parallel to one of the coordinate frame axes, the coordinate value of X, may

be set along this axis in an arbitrary fashion and the trivial solution (2.5) still applies.
If

x’LZXi_XO, y’i:S/’i_S/Oa Zi=Z’i_Z07

m m m
2 2 2
Mng x5, Myy:E Yi Mzzzz zi,
=1 i=1 =1
m m m
Mgy = E Ty, My,= E Yizi, My = E 2%
=1 i=1 =1

are set and the matrix H (inertia tensor of centroidal moment [17]) defined

Myy + Mzz “Ma:y _Mza:
H £ _sz Mzz + sz “Myz ) (2-6)
_Mza: —Myz Mzz + Myy

the square sum of the orthogonal distances (2.2) becomes
02 =rTHr 2.7
with the line

X +ur.
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The symmetric square matrix H (2.6), extended for n-dimensional space (n >
2) without loss of generality, is decomposed by the SVD

H=VyWuVj, 28)
with
Wy = [diag(wui, - . ., wHn)]
Vu = (VH1,...,VHn), Wwhere Va'Vg=1I. 9)
The singular values wyy, . .., wnH, and the orthogonal vectors vy, ..., VH, are

the principal centroidal moments and the principal axes of inertia, respectively. If
r is parallel to one of the principal axes vy;, from (2.7)—2.9), the following is
obtained:

o2 =rTHr
= VE_,—VHWHVE{VHJ' (2.10)
= WHj -

From this fact, when choosing the index j of the smallest wyy; (2.9), the ODF prob-
lem of line is solved. The resultant ODF line (2.1) is

X + UVHj -

In summary, the ODF line for the m given points {X;}7; in n-dimensional space
(n > 2) passes through the mass center (2.5) and is parallel to one of the principal
axes of inertia associating with the smallest principal centroidal moment [2], [37],
[61].

For an experimental example, the m = 13 coordinate pairs (n = 2) in Table 2.1
were taken and the following results obtained:

5.05624 0.00000 - (0.13108
Wn = (0.00000 0.06296)  XKo=X= (0.00000) , and

Vae _ (099989 0.01504
H=1{_001504 —0.99989/ °

The smaller principal centroidal moment is w2 = 0.06296 and the resultant ODF
line (2.1) is

Table 2.1. 13 coordinate pairs (n = 2) distributed about a vertical line [12}

X 0237 0191 0056 0000 0179 0127  0.089
Y —1.000 —0833 —0.667 —0.500 —0.333 —0.167 0.000

X 0.136 0.202 0.085 0.208 0.156 0.038
Y 0.167 0.333 0.500 0.667 0.833 1.000
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X\ _[0.13108 + 0.01504
Y ) = \0.00000/ ™"\ ~0.99989/ °
or, in implicit form,

0.99989.X + 0.01504Y — 0.13108 =0,
with 62 = 0.06296.

2.1.2 Plane Fitting

Analogously to the case of line fitting, the ODF problem of plane can also be solved.
The plane containing the point X, and normal to the unit vector n in n-dimensional
space (n > 2) can be described in implicit form below:

(X-X,)"Tn=0 with |nf=1. (2.11)

The square sum of the orthogonal distances from each given point {X;}*; to the
plane (2.11) is

ol i [(X; = X,)Tn]
= 2.12)
=nT [Z(xi — X)) (X — xo)T} n.

i=1
Given n, X, is looked for which minimizes (2.12), e.g. forn = 3,

2 m
do§

6X0 = -2 (Z(X1 - Xo)a Z(Y1 - Y0)7 Z(Zl - ZO)) nnT = OT : (2'13)

i=1 i=1 i=1

The same trivial solution (2.5) is obtained for X, as in the case of line fitting and
the square sum of the orthogonal distances (2.12) becomes

ag =nTMn (2.14)
with

A Mzz sz Mzz
M2 | My, M, M,]| . (2.15)
M,y Myz M,,

The symmetric square matrix M (central moments tensor [17]), extended for
n-dimensional space (n > 2) without loss of generality, is decomposed by the SVD

M=VyWumVY, (2.16)
with
Wnm = [diag(wmi, - - -, wMn)] »

- (2.17)
VM = (VMla P aan) s where VM VM =1I.
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Table 2.2. Four coordinate triples (n = 3) [61]

X 2 2 4 4
Y 16 26 16 26
Z 219 261 127 231

When choosing n parallel to the vector vas; having the smallest wn;, the ODF
problem of plane is solved. The resultant ODF plane (2.11) is

(X - X)TVMJ' =0.

In summary, the ODF plane forthe m givenpoints {X;}, in n-dimensional space
(n > 2) contains the mass center (2.5) and is normal to one of the principal axes of
central moments (2.15) associating with the smallest principal central moment [37],
[61].

For an experimental example, the m = 4 coordinate triples (n = 3) in Table 2.2
were taken and the following results obtained:

10066.0 0 ) 3.0
Wy = 0.79134 , Xo=X=[210], and
0 48.25736 209.5

—0.01209 098146 —0.19130
VM =| 007305 —0.18994 —-0.97908
0.99726  0.02581  0.06940

The smallest principal central moment is wng = 0.79134 and the resultant ODF
plane (2.11) becomes

X-30\T /0.98146
Y —21.0 ~0.18994 | =0,
Z —209.5 0.02581

with o2 = 0.79134.

2.1.3 Relationship Between Line and Plane Fitting

If the inertia tensor H (2.6) is compared with the central moments tensor M (2.15),
from (2.8) and (2.16)—(2.17),

H=t:(M)I-M
= tr(M)I - VWM Vi (2.18)
=V [tr(M)I — W) Vi

is obtained, where tr(IM) is the trace of M (trace oftensor is invariant to the rotation
of coordinate frame [23])
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fi>
B
S

tr(M)

<.
Il
o

(2.19)

]
M=

wMm;j -
1

.
Il

From (2.8) and (2.18)—(2.19), the following can be concluded

Wu=) wvm;I-Wnm and Vg=Vy.
j=1

This means that ([37], [61]):

e The pose of the principal axes is the same to both line and plane fitting

o The axis chosen for the line fitting is the worst one for the plane fitting, and vice
versa

¢ Two axes chosen for line and plane fitting, respectively, are orthogonal

o Both line and plane fitting can be carried out using either of the two tensor matri-
ces, the inertia tensor H (2.6) or the central moment tensor M (2.15).

2.2 Generalized Orthogonal Distance Fitting

2.2.1 Problem Definition

The ultimate goal of the orthogonal distance fitting of a model feature to a set of
given points in space is the determination of the model parameters which minimize
the square sum of the minimum distances between the given points and the model
feature. To be exact, two sub-problems need to be solved, i.e. not only the square
sum but also every single distance between the given points and the model feature
should be minimized.

In order to handle these ODF problems in a general and easily understandable
manner using vectors and matrices, two performance indices (cost functions) are
introduced which represent in two different ways the square sum of the weighted
distances between the given points and the model feature:

ot £ |[Pd|” 2.20)
=d"PTPd '
and
of £ IP(X - X)) 221)

=X -XHTPTP(X - X'),
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X : coordinate column vector of the m given points {X; }[2,,

XT 2 (XF,

LS XD, XT =

(X’iinyZi)

X' : coordinate column vector of the m corresponding points { X},

on the model feature, X’T (xX7T,
d : distance column vector, d £ (di,...

LX), X =
" d)T with

(X5, Y}, 2))

di = 1% = X4l = o/ (X, - X)T(X: - X))
PTP : weighting matrix or error covariance matrix (positive definite)
P : nonsingular symmetric matrix [28].

Model: point set {X;},
Given points: {X;}i,,
Energy: 0; = kd;

= 2
Task: mino,

a,.a,

k;: spring constant

Model: template
Given points: {X;}i,
Energy: o) =), kd}

: 2
Task: mino,
4.4,

(b)

_[X,-X]

Flexible
body

k;: spring constant

Model: curve/surface
Given points: {X;},
Energy: op = ZL kd}?

Task: min o]

Ay A8,

(c)

Fig. 2.1. Variety of orthogonal distance fitting tasks as energy minimization problem. The

spring constants {k; }i2

=1 correspond to the diagonal elements of the weighting matrix PP

in (2.20)=(2.21). With most ODF tasks, putting PTP = I is allowed: (a) Point-to-point
matching; (b) Template matching; (c) Curve/surface fitting
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If the independent identically-distributed (i.i.d.) measurement errors are assumed,
the two performance indices (2.20) and (2.21) have the same value up to the apriori
standard deviation of the measurement errors (Pythagorean theorem).

The definition of the performance indices (2.20) and (2.21) does not suppose the
type of model feature nor how to determine the corresponding points {X}}2; on
the model feature to the given points {X;},. Thus, paradoxically, a variety of gen-
erally applicable algorithms for ODF problems can be derived from (2.20)—(2.21).
Any probable ODF algorithm which minimizes the performance indices (2.20) or
(2.21) is characterized as distance-based algorithm or coordinate-based algorithm,
respectively (see Sect. 2.3). On the other hand, according to the type of the model
feature to be handled by the ODF algorithms, a classification of ODF problems
arising with real applications into three categories can be made, i.e. point-to-point
matching, curve/surface fitting and template matching (Fig. 2.1).

2.2.2 Point-to-Point Matching

If the set of corresponding points {X}}7~, is given as another set of points (in this
case, the model feature is a point template without the form parameters ag), the
ODF problem becomes a point-to-point matching problem determining the rigid
body motion (the position parameters ap and the rotation parameters a;) of the
set of corresponding points (Fig. 2.1a). Once the point correspondences betwer
the two sets of points have been given, the point-to-point matching problem can
be solved in closed form, for which several solutions are available [15], [31], [46],
[69]. The resultant o3 represents the quality-of-match. When the rigidity-of-match
information (variance of the position and rotation parameters) is necessary for ap-
plications, it can be derived from the parameter covariance matrix Cov(a) (2.37).
The time-consuming element of the problem, particularly where each set of points
is composed of a large number of points (such as obtained by laser radar) is the es-
tablishment of the point correspondences between the two sets of points (searching
for the minimum distance points), a task of O(m?) cost. As a further development
of the point-to-point matching algorithm, the iterative closest point (ICP [19]) algo-
rithm alternately repeats the determination of the rigid body motion of the second
set of points and the reestablishment of the point correspondences between the two
sets of points. The point-to-point matching problem is not dealt with in this work.

2.2.3 Curve and Surface Fitting

With curve/surface fitting, the corresponding points {X}}72, are constrained to be-
ing membership points of a curve/surface in space (Fig. 2.1c). As the model feature

S, the following general implicit/parametric curves and surfaces are handled in this
work (see Table 1.1):

e Implicit 2-D curve (n = 2)

S={XcR?|F(a,X)=0 with acRP}
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Implicit surface (n = 3)

S={XeR3 F(a,X)=0 with aecRP}

Parametric 2-D curve (n = 2)

S={XeR?|X(a,u) with a€RP VucR}

Parametric 3-D curve (n = 3)

S={X eR?®*|X(a,u) with a€RP VuecR}

Parametric surface (n = 3)
S={X eR®|X(a,u) with acRP VYueR?}.

In order to minimize the performance indices (2.20)—(2.21) with curve and sur-
face fitting, not only do the model parameters a have to be determined but also the
minimum distance points {X}}™ , on the model feature S from each given point
{X;},. With the fotal method [74], the model parameters a and the minimum
distance points {X}}™ , can be determined simultaneously

¢ 2 ! m
X ) - 2.22
acrr, BB 00 ((Xe(@)F2) (222)
They are determined alternately using the variable-separation method [44], [25] in
a nested iteration scheme
i i ¢ ({Xi@¥,) . 2.23
min im0 ({Xi(a)}iZy) (2.23)
Four combinations exist between the performance indices (2.20)—(2.21) and the it-
eration schemes (2.22)—(2.23) as shown in Table 2.3. One of the four combinations
results in a clearly underdetermined linear equation system for iteration with both
implicit and parametric features. The Algorithms II and III for implicit features are
described in detail in Chap. 3 and the Algorithms I-III for parametric features de-
scribed in Chap. 4.

Although Algorithm I could be realized for the implicit features, it is not han-

dled in this work because of the large memory space usage and the high computing

Table 2.3. Algorithms for the orthogonal distance fitting of curves and surfaces

Approach Distance-based algorithm Coordinate-based algorithm
Underdetermined, Algorithm I,
Total method min [Pd]? min IP(X - X)|?
acRP (X[} €S ackp (X[}, €S
Variable- Algorithm II, Algorithm III,
separation min _min __||Pd]? min _min _[[P(X—-X)|?
method acRP {X{}L,€S acRP {X{}T2 €S
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Table 2.4. Conditions of Algorithm I for orthogonal distance fitting of surfaces (n = 3)

Conditions of
Algorithm I

Parametric surface,
X(a,u)

Implicit surface,
F(a,X) =0

No. of unknowns
No. of equations

No. of constraints

Solvability

Storage space

Computing cost

p+2m (a,{u;},)
3m
3m > p+2m

O(3m(p + 2m))
~ O(6m?)
O(3m(p + 2m)?)
= 0(12m?)

p+3m (a,{Xi}iZ)
3m
m ({F(a,Xj) = 0}i%,)
im > p+ 3m

O(4m(p + 3m))
~ 0(12m?)
O(4m(p + 3m)?)
~ 0(36m?)

cost involved. In addition, a poor convergence performance of Algorithm I on the
implicit features is deduced from our experience in the known Algorithm I for the
parametric features [74] (see Sect. 4.2.1). The convergence performance of Algo-
rithm I for the parametric features is poor if the initial model parameter values are
not close enough to the final estimation values. Table 2.4 compares the conditions
for solving the ODF problems of implicit/parametric surfaces using Algorithm I.
In order to force the corresponding points {X;}72; to the given points {X;}2,
to be membership points of the implicit feature F(a, X) = 0, the additional con-
straints of { Fi{(a, X}) = 0}™, are applied. On the other hand, the corresponding
points {X(a, u;)}™, are spontaneously membership points of the parametric fea-
ture X(a, u) without being forced by any additional constraint. From this fact, the
convergence performance of Algorithm I for the implicit features would be worse
than that for the parametric features.

2.2.4 Template Matching

Matching a template of known shape and size to a set of given points in space
(template matching, Fig. 2.1b) is a frequent task of pattern recognition and com-
puter/machine vision applications. Template matching can be regarded as a special
case of model fitting, which determines the rigid body motion (the position parame-
ters ap and the rotation parameters a;) of the model feature with given (fixed) form
parameters ag.

There are two ways of solving template matching problems using the model
fitting algorithms. The straight one is to simply omit all columns of the Jacobian
matrix concerning the form parameters ag in the linear equation system for updat-
ing the model parameters (Sect. 2.3.1 and Sect. 2.3.2). Here, the form parameters are
ignored and thus not updated whilst the position and the rotation parameters are up-
dated. As the result, the form parameters remain unchanged at the given initial val-
ues. The second way is to apply the additional constraints of {a; — a;,given = oH_,
with very large values of constraint weighting to the model fitting. The additional
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constraints force the form parameters {a;}!_, to hold the given values {a; given }:_;
(model fitting with parameter constraints, Sect. 2.3.3). This work gives some exam-

ples of model fitting with parameter constraints (see Fig. 2.3, Sect. 3.3.2, and Fig.
54).

2.3 Orthogonal Distance Fitting Algorithms

As demonstrated in the previous sections, ODF problems have a variety of combi-
nations of model features, error definitions, algorithmic approaches and constraints.
Although it appears to be a highly complicated task, this work intends to describe
the generally applicable algorithms for such ODF problems in a way which is full
of variety. In order to tackle the task in a well-organized and easily understandable
manner, the very basic aspects of ODF are handled first, namely, the performance
indices (2.20) and (2.21). Their minimization is the ultimate goal of ODF. In this
section, two computational frameworks are proposed, the distance-based algorithm
and the coordinate-based algorithm, for solving general ODF problems by minimiz-
ing the performance indices (2.20) and (2.21), respectively. The general implemen-
tation of the two algorithms in combination with the iteration schemes (2.22)—(2.23)
(see Table 2.3) for general implicit and parametric curves/surfaces in space is given
in Chap. 3 (Algorithms II and III for implicit features) and Chap. 4 (Algorithms
I-1IT for parametric features).

2.3.1 Distance-Based Algorithm

The first order necessary condition for a minimum of the performance index (2.20)
as a function of the parameters a is

8 N\T  orar ad
— = = =—. 24
( 3a00> 2J°'P ' Pd=0, where J 72 (2.24)
The equation (2.24) can be iteratively solved for a using the Newton method
2
(JTPTPJ + HPTPd) Aa = -JTPTPd, where H= % . (2.25)

or, more conveniently, using the Gauss-Newton method ignoring the second deriva-
tives term in (2.25)

JTPTPI|, Aa= —JTPTPd|, , ar =ar+ada. (2.26)

In this work, the parameters a are iteratively estimated using the direct form of the
Gauss normal equation (2.26)

PJ|, Aa= —Pd|, , ag+1 = ax + ada, 2.27)
with break conditions for the iteration (2.27)
[JTPTPd||~0 or ||da]j=0 or 08|, = 08,1 =0
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The first break condition is equivalent to the condition (2.24) and denotes that the
error distance vector and its gradient vectors in the linear equation system (2.27)
should be orthogonal. If this condition is satisfied, practically no more parameter
updates take place (]| Aa|| = 0) and no improvement is made on the performance
index o2.

The following unfolded form of the linear equation system (2.27) is helpful
when implementing the algorithm:

Jd],a dl ad
P| : |da=-P|: with  Jga=75". (2.28)
Jdm,a dwm
S——— e end
mxp mx1

2.3.2 Coordinate-Based Algorithm

The first order necessary condition for a minimum of the performance index (2.21)
as a function of the parameters a is

ox’
Oa

a T
(—0(2,) = -2JTPTP(X -X') =0, where J=

o (2.29)

Whilst in the case of Algorithm III the parameter vector a contains only the model
parameters, it also contains the location parameters {u;}™; of the corresponding
points {X}}™,; with Algorithm I for the parametric features. In the later case, the
notation of the parameter vector is changed from a to b (see Sect. 4.2.1).

The equation system (2.29) is iteratively solved for a using the Newton method

2w/
(ITPTPJ - HPTP(X - X)) 4a =JTPTP(X-X'), H= %Tf , (2.30)

or using the Gauss-Newton method ignoring the second derivatives term in (2.30)
PJ|, Aa=P(X-X)|, , ax+1 = ag + ada, (2.31)
with break conditions
[ITPTP(X - X)||~0 or |Aa~0 or 0§|k—0§|k+1 ~0.

The unfolded form of the linear equation system (2.31) appears as

Ix;.a X, - X}
. ox!
P| : |da=P : with  Jxa=5t. (32
Jx:n,a Xm — X;n
———— N ——

nmxp nmx1
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2.3.3 Model Fitting with Parameter Constraints

If any parameter constraint (e.g. on shape, size, area, volume, position, orientation
of the model feature)

fej(a) —const; =0, i=1...,q, (2.33)
or, in vector form,
f.(a) — const = 0

is to be applied additionally, the following equation systems (2.34) with the large
weighting values w, is appended to the linear equation systems (2.27) or (2.31):

0 cj .
Wej (%’—) Aa = —we; (fe;(a) — const;), i=1,...,q. (2.34)

Considering the parameter constraints (2.33), the performance indices (2.20) and
(2.21) and the linear equation systems (2.27) and (2.31) can be rewritten as follows:

% = (waia consfn))T (Wt o))

PI\ . _ Pd ;_0d ok @239)
W.J. o W.(f.(a) — const) / ’ T Ha’ “° fa
e —

(. v

(m+q)xp (m+q)x1
for the distance-based algorithm, and,
B PX-X) \'/ PX-X)
~ \W¢(f.(a) — const) W.(f.(a) — const) /)’

PI Y P(X — X') J_0X O (236)
W, T \~W_,(f:(a) — const) / ’ T Ha ' "¢ Da

g,

oN

- s

(nm+q)xp (nm+q)x1

for the coordinate-based algorithm.

The model fitting with parameter constraints described above can be applied in a
number of ways. One practical application of the constrained parameter estimation
is template matching (Sect. 2.2.4), i.e. estimation of the position a;, and the rotation
parameters a; of a model feature with the given (fixed) form parameters ag (see
Sect. 2.3.5 for an example of circle matching and [8] for fitting an ellipse with a
known area). Of course, any model parameter can be fixed at the given value (see
Sect. 5.3.1 for fitting a horizontally-lying ellipsoid with the constraints of w = 0 and
@ = 0). Particularly with cylinder/cone fitting, the constrained parameter estimation
plays an important role in determining the position of the cylinder/cone on its axis
(see Sect. B.1.2, Sect. B.2.7, and Sect. B.2.8).
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The most promising application of the constrained parameter estimation is the
reconstruction of multiple objects from their measurement points, where certain
geometric constraints (interrelations) between the object models need to be satisfied
by the multiple model fitting. For example, with the reconstruction of a sphere and
a plane in contact, the radius of the sphere and the distance from the center of the
sphere to the plane must keep the same value

fc(aplanea asphere) £ ”(Xo,sphere - Xo,p]ane)Tnplane” — Tsphere = 0.

The linear equation system (2.35) for the simultaneous fitting of multiple object
models with parameter constraints appears as

O e | (@)oo wa
Wede1 Wlea Aag W.(f.(a1,a2) — const)

or, in a mixed form of (2.35) and (2.36)
(PJ)I 0 Aa —(Pd)l
o @ | (40)-| ex-xme |
Wede1 Wede2 2 ~W.(f.(a;,a2) — const)

2.3.4 Parameter Test
The Jacobian matrix in (2.35) and (2.36) is decomposed by the SVD

PJ \ T
(Wc Jc> =UWV
with

UTU=VTV=1 and W =[diag(wi,..., wp)] .

The linear equation systems (2.35) and (2.36) can then be solved for Aa. After
successfully terminating the iterations (2.35) or (2.36), the Jacobian matrix together
with the performance index o3 provides useful information about the quality of
parameter estimations as follows:

e Covariance matrix

Cov(a) =

Covla.. an) — S~ (VitVei o
ov(@s,ax) = L) Gk=1..p (2.37)
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e Variance of parameters

2
2/ 99 A A .
o“(a;) = ————Cov(a;,a;), =1,...,
(G;) m+q—p (43,4;) J p
e Correlation coefficients
Cor(d;, ax) = Cov(a;, ax) jk=1,....p.

~ /Cov(ay, a;)Cov(ax, ar)

By using the above information, the reliability of the estimated parameters a and
the propriety of the model selection (see Sect. 1.1.3) can be tested.

The parameter covariance (2.37) with the distance-based algorithm is generally
a little larger than that with the coordinate-based algorithm. If 62 is small enough,
justifying the ignoring of the second derivatives term in (2.27) and (2.31), there is
practically no parameter covariance difference (2.37) between the two algorithms.

2.3.5 Application to Circle and Sphere Fitting

To fit a model feature to a set of given points {X;}7; using the distance-based
algorithm (2.28), the linear equation system (2.28) must be provided with not only
the minimum distances {d;}/%; between the model feature and each given point
but also the Jacobian matrices {Jg, a}7%; of each d;. For model fitting using the
coordinate-based algorithm (2.32), the minimum distance points {X}}7 ; and their
Jacobian matrices {Jx; .a}im, arerequired. The next two chapters deal with the gen-
eral implementation of the two algorithms (2.28) and (2.32) for implicit (Chap. 3)
and parametric (Chap. 4) curves/surfaces. Using these, the information {d;}7,,
{XiH1, {34,032, and {Ix; 2 }72%, necessary for the two algorithms is obtained
in a highly general manner for implicit/parametric curves/surfaces in 2-D/3-D space.

In this section, before going into the general implementation, the specific im-
plementation of the algorithms (2.28) and (2.32) to circle/sphere fitting is shown
as an introductory example. Because a circle/sphere has no rotation parameter and
permits the minimum distance d; and the minimum distance point X} to be de-
scribed in closed form, the implementation of the two algorithms to circle/sphere
fitting is relatively straightforward. A circle/sphere with radius r and center at X,
in n-dimensional space (n > 2) can be described in implicit form (Fig. 2.2)

Fig. 2.2. A circle/sphere with radius 7 and center
at X, in n-dimensional space
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F@X)2|X-X,?-r*=0 with aT2(X]). (2.38)
The minimum distance point X} on (2.38) from a given point X; (# X,) is

X, — X,
1X: — Xl

And, the (signed) distance d; between the two points X; and X} is

X =X,+r i=1,...,m. (2.39)

di =||X; —Xol| - 7. (2.40)

The Jacobian matrix Jg, » of d; can be directly derived from (2.40)

od,;
Jie = 5a
0
= 3 X = X]| = 7]
(X=X 0X, o
T Xi—X,|| a  da’
where
or X
5 = (1 | 0T)  and 7o = (0 | 1),

Then, with sphere fitting (n = 3), the linear equation system (2.28) appears as

Jar Jax, Jay, Jaz, AA); dy

Py : : : Aav. | =P ] @4
Jdmyr JdmXe Jdm Yo Jdmz.) \ AZ, dm
) e ~ e

In a similar way, the Jacobian matrix Jx; a of the minimum distance point X
can be directly derived from (2.39)

.4

Ixia = da
o X; — X,
da [0 XK = Xl

_6Xo+ X; — X, Qv:_ r HIBXO
Oa IX; - Xol|0a || Xi —Xo|| * 0a ’
where
1 X = X)X = Xo)T
1 .

X — Xof*
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With sphere fitting (n = 3), the linear equation system (2.32) appears as

!

Ix;r Ixix, Ixiv. JIx;z, X - X

!

Jyir Ivix, dviv, Jviz, A Y1-Y]

'

Jz;r Jzpx, Jzv, Jz;2, T Zy— 7y

P . . . AXO — P B

: : AY, /

Ixir Ixpx, Ixiyv, Ixpz. | \AZ, Xm — X
/

Jv:r Jv:x, Iviy., Iy .z, Yoo — Y
/
Jz: » Jzx, Jdzv, Iz 27, L — Zp,

~ ~~ < ——
3mx4 3mx1
(2.42)

To give an experimental example, a circle is fitted to the six points in Table 2.5.
As the initial parameter values starting the Gauss-Newton iteration (2.41) and (2.42),
the mass center (2.5) and the rms central distance ofthe set of given points are used

1 & 1 & -
Xop=X=~ Z i and o=, 3% - x|
i=1 i=1

Table 2.5. Six coordinate pairs (n = 2) [34]

X 1 2

®)
Fig. 2.3. Orthogonal distance fitting of a circle to the set of points in Table 2.5: (a) Without
any constraint (model fitting); (b) With the constraint of 7 — 5 = 0 (template matching)
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The distance-based algorithm (2.41) terminates the circle fitting after ten iteration
cycles for || Aaj| = 3.2 - 10~ and the coordinate-based algorithm (2.42) terminates
after 13 iteration cycles for || Aa|} = 9.4-10~7 (Table 2.6). A strong anti-correlation
(=~ —1.0) between the radius r and the center coordinate Y, of the resultant circle
can be seen (Table 2.7) which is caused by the distribution of the set of given points.
In other words, given the set of points distributed over the upper side of the resultant
circle, the center coordinate Y; increases/decreases as the radius r differentially
decreases/increases (Fig. 2.3a).

In order to give an example of template matching, a circle with the radius of
r = b is fitted to the same set of points by applying the additional constraint of
r — 5 = 0 with the constraint weighting value of w, = 1.0 - 10® (see Sect. 2.3.3).
The distance-based algorithm and the coordinate-based algorithm terminate after
a further four and five iteration cycles respectively for ||Aal| = 1.8 - 1078 and
[|Aall = 6.9-10~7 (Fig. 2.3b). As expected, the variance of the radius = and its
correlations with other parameters disappear (Table 2.8 and Table 2.9).

Table 2.6. Results of orthogonal distance fitting to the points in Table 2.5

op = 1.1080 T Xo Yo
Parameter A 4.7142 4.7398 2.9835
o(a) 11 1.2243 0.4776 1.5429

111 1.1422 0.4628 1.4331

IL: distance-based algorithm, III: coordinate-based algorithm.

Table 2.7. Correlation coefficients of the circle parameters in Table 2.6

Distance-based algorithm Coordinate-based algorithm
Cor(&) r Xo Yo Cor(a) r Xo Y,
r 1.00 r 1.00
Xo —0.37 1.00 Xo -0.31 1.00
Yo —0.98 0.39 1.00 Yo —-0.97 0.34 1.00

Table 2.8. Results of orthogonal distance fitting with the constraint of r — 5 = 0 to the set of
points in Table 2.5

oo = 1.1151 r Xo Yo
Parameter & 5.0000 4.6917 2.6320
o(a) 11 0.0000 0.4064 0.2795

III 0.0000 0.4023 0.2785

II: distance-based algorithm, III: coordinate-based algorithm.

Table 2.9. Correlation coefficients of the circle parameters in Table 2.8

Distance-based algorithm Coordinate-based algorithm
Cor(a) T X Y5 Cor(a) r Xo Yo
r 1.00 g 1.00
Xo —0.00 1.00 Xo —0.00 1.00

Yo —-0.00 0.15 1.00 Yo —0.00 0.14 1.00




3. Orthogonal Distance Fitting of
Implicit Curves and Surfaces

This chapter describes in detail the general implementation of the two ODF Al-
gorithms II and III (variable-separation method, see Table 2.3 and Sect. 2.3) on
implicit curves and surfaces F(a, X) = 0 in space. With the implementations, com-
pared with the known Algorithm II [44], [75] (Table 1.2), the model parameters a
are grouped and simultaneously estimated in terms of form ag, position ap, and ro-
tation parameters a,, which is a highly desirable algorithmic feature for applications
(Sect. 1.1.2, Fig. 3.1). With the variable-separation method, the model parameters a
and the minimum distance points {X}}, on the model feature F(a, X) = 0 from
each given point {X;}, are alternately determined in a nested iteration scheme

. . 2 14 m
n {Xgﬁ}ﬁes% ({Xi(@}z1) - 3.1

The inner iteration, carried out at each outer iteration cycle, finds the minimum
distance points on the current model feature (Sect. 3.1). The outer iteration cycle
updates the model parameters (Sect. 3.2). Once appropriate break conditions are
satisfied, e.g. when no more significant improvement on the performance indices
(2.20) and (2.21) can be gained through parameter updating, the outer iteration ter-
minates.

Besides the parameter grouping of aT = (ag, ag ,ar ), the novelty of the im-
plementation of the two ODF Algorithms II and III on implicit features is that the
necessary information for the Gauss-Newton iteration (2.28) and (2.32) is obtained
in a very general manner. The minimum distance information {d; }/%,, {X;}~,,
and their Jacobian matrices {J4, a}/2;, {Jx; a}i2; are obtained from the standard
feature equation f(ag,x) = 0 (1.1) defined in a model coordinate frame xyz and
from the coordinate transformation equation X = R™1x 4+ X, (1.3). In order to
apply the algorithms to a new implicit feature, merely the provision of the first and
the second derivatives of the standard feature equation (1.1) is required which usu-
ally has only a few form parameters. Functional interpretations and treatment of the
position/rotation parameters concerning the coordinate transformation (1.3) are the
same for all implicit features.

Section 3.1 describes two generally applicable algorithms for finding the mini-
mum distance point on an implicit feature from a given point. Section 3.2 describes
the general implementation of the Gauss-Newton iteration (2.28) and (2.32) for im-
plicit features. Various fitting examples are given in Sect. 3.3.
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3.1 Minimum Distance Point

The time-consuming part of the variable-separation method (3.1) is the inner itera-
tion which finds the minimum distance points {X}}7 , on a general model feature
from each given point {X;},. For a given point x; in xyz frame (Fig. 3.1)

x; =R(Xi - X,), (3-2)

the minimum distance point x} is determined on the standard model feature (1.1)
defined in xyz frame. Then the minimum distance point X} in XYZ frame from
the given point X; can be obtained through the backward transformation of x; into
XYZ frame as below

X;=R7x{+X,.

For some implicit features such as a circle, sphere, cylinder, cone and torus, the
minimum distance point x; can be determined in closed form at low computing cost.
However, in general, x; must be found iteratively to satisfy appropriate minimum
distance conditions. Two generally applicable algorithms are described for finding
the minimum distance point X} in xyz frame. The first algorithm is derived from the
general properties of the minimum distance point. The second algorithm is based
on a constrained minimization method, the method of Lagrangian multipliers [33].
The minimum distance point is marked in the following subsections with prime, as
X in XYZ frame and as x; in xyz frame, once it has been determined and is ready
for use. Otherwise, it is notated with the general coordinate vector X or x.

e Measurement point: X,

vy  Re
Minimum distance
v point: x; X
va f(ag,x)=0 Xa{ K

(a)

S —— Measurement point: X,

Minimum distance
point: x;

(b)
Fig. 3.1. Implicit features and the minimum distance point x; in xyz frame from the given
point X; in XYZ frame: (a) Plane curve; (b) Surface
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3.1.1 Generalized Newton Method

A necessary condition for the minimum distance point x on the implicit feature (1.1)
from the given point x; is that the connecting line of x; with x should be parallel to
the feature normal V f at x (Fig. 3.1)

Vix(x;—x)=0, where V£2(8/0z, 8/8y, 8/02)T . (3.3)
Equation (3.3) is equivalent to

Vef/(xi—z) =Vyf/(yi —y) =V.f/(zi — 2),

and only two of three equation rows of (3.3) are independent. Equation (3.3) de-
scribes a space curve as the intersection of two implicit surfaces defined in xyz
frame by two independent equation rows of (3.3). It is found that (3.3) generally
satisfies the parallel condition of the vector (x; — x) to the feature normal V f of
the iso-feature of the standard model feature f(ag,x) = 0 (1.1)

f(ag,x) —const =0. (34

As the constant in (3.4) varies continuously, the trajectories of the points lying on
(3.4) and satistying (3.3) draw a curve described by (3.3). This curve (3.3) is called
the centrortho-curve about the point x; to the iso-features (3.4). One aim of the
work was to find the intersection of the centrortho-curve (3.3) with the implicit
feature (1.1). In other words, the objective is to find the point x that simultaneously
satisfies (1.1) and (3.3) (minimum distance condition, see Fig. 3.2 for the case of a
plane curve, an ellipse)

f(ag, xi,x) 4 (Vf o (J;i _ x)> =0 with x=R(X;-X,). (3.5)

Z

G

10

£

==

Fig. 3.2.Isocurves /644y /16 — const = 0 (const > 0) and the trajectories (centrortho
curves) (3z — 8)(3y + 2) + 16 = 0 (thick line) and (32 — 8)y = 0 (broken line) of the
minimum distance points on the isocurves from the point (2, 2) and (2, 0), respectively
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The minimum distance condition (3.5) governs the variational behavior of the mini-
mum distance point in xyz frame relative to the differential change of the model pa-
rameters a and plays an important role in the coordinate-based algorithm described
in Sect. 3.2.2.

Equation (3.5) is solved for x by using the generalized Newton method starting
from the initial point of xg = x; (Fig. 3.3) (how to compute the matrix &f/dx is
shown in Sect. 3.2.2).

of

ox

Ax = —f(x)], , Xkl = Xg + adx . (3.6)
k
If necessary, especially in order to prevent the point update Ax from heading for

the divergence zone where an implicit feature has a very high local curvature, the
on-the-feature condition in (3.5) is underweighted as shown below:

In the first iteration cycle with the starting point of xp = x;, the linear equation
system (3.6) and its solution (i.e., the first moving step) are equivalent to

Vf-Ax _(-f
Vf x Ax x=xi_ 0

It should be noted that the first moving step is the negative of the normalized alge-
braic error vector shown in (1.8) which has been described in literature [71], [76] as
a good approximation of the minimum distance error (geometric error) vector.
Also to be noted is the singular point of an implicit feature, such as the vertex
of an elliptic cone, where the feature normal vanishes as V f = 0. Because a singu-
lar point on an implicit feature (1.1) satisfies the minimum distance condition (3.5),

and —f

Ax = ——-V
- *=wrE !

X=X,

Fig. 3.3. Iterative search (generalized Newton method) for the minimum distance point X} on
f(ag,x) = 0 from the given point x;. The points X;,1 and X;,2 are the first and the second
approximation of xj, respectively
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even though the singular point might not be a minimum distance point, the linear
equation system (3.6) at a singular point results in Ax = 0. In other words, the iter-
ation (3.6) is caught by a singular point. Thus, when the feature normal V f vanishes
with the termination of the iteration (3.6), the resultant point will be perturbed by
adding small artifact errors and the iteration (3.6) restarted (random walking tech-
nique), in order to give a chance for the iteration (3.6) to escape from the singular
point. Nevertheless, if the iteration (3.6) repeatedly falls into a singular point, this
may be accepted as a minimum distance point.

For plane curves on the xy-plane of z = 0, the second and the third row of (3.5),
which have coordinate z terms in the cross product and have been automatically
satisfied, are simply ignored. The fourth row of (3.5) without coordinate z terms
in the cross product is nothing but the orthogonality condition of the error vector
(x; — x) to the isocurve tangent in xy-plane [6], [7]. From this fact and for the sake
of a common program module for curves and surfaces, the second and fourth row of
(3.5) are interchanged. Then, for the case ofplane curves, only the first two rows of
the modified (3.5) are activated in the program module (see Sect. A.1 and Fig. 3.2
for the case of an ellipse).

3.1.2 Method of Lagrangian Multipliers

As an alternative to the generalized Newton method, the minimum distance point
x can also be found using a constrained minimization method. The aim was to find
the nearest point x on the model feature f(ag,x) = 0 from the given point x; and
is formulated as shown below:

min (x; — x) 7 (x; — x)
subject to
fx)=0.

This problem is solved by minimizing the Lagrangian function below (method of
Lagrangian multipliers [33]):

LOx) 2 (i —%)T(x; —%) + Af . 3.7)
The first order necessary condition for a minimum of (3.7) is
VL ~2(x; —x) + AV
F:3Y
We iteratively solve (3.8) for x and X [44], [75]

<2IV+T>}H Vof) (2’;) — (2(x,- _f)f—— AVf) , where H= %Vf-

(3.9)
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In practice, once the second term of the Lagrangian function (3.7) becomes neg-
ative (the first term is always non-negative), we have observed that it is occasionally
prone to becoming more negative (i.e. diverging) in the succeeding iteration cy-
cles of (3.9) to minimize (3.7), although the second term is commanded to be zero.
Consequently, the convergence of the iteration (3.9) is considerably affected by the
selection of the initial values. From this observation and with a hint at determining
the first moving step size taken from the generalized Newton method described in
Sect. 3.1.1, the following initial values for x and A have been used:

VAR, %o =x
Ao =19 +1 :xp #x; and f(ag,x0) >0 (3.10)
-1 ixg #x; and f(ag,x0) <0.

The iteration (3.9) with the initial values in (3.10) converges relatively fast. Never-
theless, if the convergence of the iteration (3.9) fails, it can be obtained using the
generalized Newton method, and vice versa.

3.1.3 Verification of the Minimum Distance Point

If no closed form solution of the minimum distance point x; is available, i.e. if iter-
ation has to be used to obtain x}, it is preferable to start the inner iteration described
in Sect. 3.1.1 and Sect. 3.1.2 from the initial point of Xg = x;because in this way, no
special initial point is prepared. As further advantage, the initial point of xg = X;
almost always leads the iteration (3.6) and (3.9) to the global minimum distance
point that is just the nearest point on model feature from x;. However, despite this
advantageous choice of initial points, the global minimum distance of x} from x;
cannot be generally guaranteed. The conditions (3.5) and (3.8) merely constrain the
connecting line of the point X on f(ag,x) = 0 with the given point X; to be paral-
lel to the feature normal V f at x. Thus, the minimum distance point x; found by
iterations (3.6) or (3.9) is in principle only a local extreme (maximum or minimum)
distance point. For example, there are a maximum of four local extreme distance
points on an ellipse for a given point (Fig. 3.2). While there is no general sufficient
condition for the global minimum distance of x; from x;, we check the correctness
of the point x] by testing multiple independent necessary conditions.

With many a well-known model feature having axis or plane symmetry (e.g.,
ellipse, parabola, hyperbola, ellipsoid, paraboloid, etc.), the two points x; and x;
must lie in the same half-plane/space of the model coordinate frame xyz [7]. From
this fact, it is easy to check whether x} is not the global minimum distance point
from x; by comparing the coordinate signs between x} and x;. If necessary, the
coordinate signs ofx] are selectively inverted and the iteration (3.6) or (3.9) restarts
from the modified x.

The correctness of point x; can also be checked by examining the direction of
the feature normal V§ at x}. Once the iteration (3.6) or (3.9) has been success-
fully terminated, the direction of the feature normal is verified by testing another
minimum distance condition (Fig. 3.4) below:



3.1 Minimum Distance Point 41

S(ag, x;)<0

-

X2

(a) (b)
Fig. 3.4. Verification of the minimum distance point. The point x; ; satisfies (3.11), while
Xj,2 not: (a) f(ag,X:) > 0; (b) f(ag,x:) <0

v A
HV;II /||;—§<||_S‘gn(f(ag’xi»:O- (3.11)

Rarely, if (3.11) could not yet be satisfied with a value (probably +2) other than
zero, then the connecting line of the two points x; and x; pierces the model feature
an odd number of times (i.e., at least, x; is not the global minimum distance point).

In this case, the iteration (3.6) or (3.9) is repeated with an adjusted starting point
such as X;,3 on the connecting line of the two points x; and x; in Fig. 3.4a.

3.1.4 Acceleration of Finding the Minimum Distance Point

The use of the initial point of xo = x; for the iterative search for the minimum
distance point x; is preferable and very convenient but it demands a relatively high
computing cost. Fortunately, the parameter update Aa is generally moderate in the
second half-phase of the outer iteration (after the first 5-10 outer iteration cycles
with most fitting tasks) and the minimum distance point X} in XYZ frame changes
its position incrementally between two consecutive outer iteration cycles. Thus, dra-
matic savings can be made in the computing cost associated with the inner iteration
and, consequently, in the overall computing cost of the ODF, if the current minimum
distance point X is used as a reasonable initial point for the inner iteration inside
the next outer iteration cycle

X0,a+ada = Ra+aAa(X;,a - Xo,a+aAa) . (3.12)

However, a pitfall of using (3.12) must be mentioned. If the current minimum dis-
tance point X} once becomes a local (not global) minimum distance point after an
update of the parameters a, it can be inherited into the next outer iteration as long
as (3.12) is used (Fig. 3.5). In order to interrupt this unintended development, the
inner iteration is started periodically (e.g. with every 5—-10th outer iteration cycle)
from the given point X; during the second half-phase of the outer iteration

X0,a+ada = Ra+aAa(Xi - Xo,a-{—aAa) . (3.13)

The strategy for an efficient and inexpensive way of finding the minimum dis-
tance point x; is summarized below:
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F(2,X)=0 —*’(/(
X F(a+04a,X)=0
Fig. 3.5. Minimum distance points X; ; and X; , on F(a+ ada, X) = 0 (updated implicit
feature) from the given point X;. Iterative search for the minimum distance point may con-
verge to ngl, if the iterations (3.6) or (3.9) started from the current minimum distance point
X} on F(a,X) = 0 (see (3.12)), while starting from the given point X; converges to Xj 2
(see (3.13)), being || X; — X7 1] > || X: — Xi ||

s

N

o The closed form solution of x} is used if available

¢ The inner iteration is started from xg of (3.13) in the first half-phase of the outer
iteration, during which the parameter update Aa is generally wild

e In the second half-phase of the outer iteration, the inner iteration is started from
xg of (3.12)

e Periodically, in the second half-phase of the outer iteration, the inner iteration is
started from x¢ of (3.13).

3.2 Orthogonal Distance Fitting

With the algorithms described in the previous sections, the minimum distance points
{X}}™, on the current model feature from each given point {X;}7%; have been
found (inner iteration) and are now available for parameter updating (outer itera-
tion) in the nested iteration scheme (3.1). The inner iteration and parameter updat-
ing are to be alternately repeated until appropriate break conditions for the outer
iteration are satisfied. In this section, the implementation of two parameter updating
algorithms, the distance-based algorithm (2.28) and the coordinate-based algorithm
(2.32), is described in detail for general implicit features. With the implementation,
the model parameters a are grouped in terms of form ag, position ap, and rotation
parameters a,.

3.2.1 Distance-Based Algorithm

In order to complete the linear equation system (2.28), the Jacobian matrices
{J4, 8}, of each distance d; between the given point X; and the minimum dis-
tance point X have to be derived.
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di = || X; = X
- 3.14)
= V(X = X)X, - X))
From X = R™1x 4+ X,, (1.3) and (3.14), the following is obtained
_0d;
Jaa =55
_ (X-xpT ax
1X: —~Xi|| oa X=X
_ x-xpT RTax . 6RT{ X,
(1% = Xl da  0Oa 92 /|y,
5 \T _xN\T T
_ (xi—x)" ox (X Xll) 0 I R OB ) |
% =%l dal,p X — Xl da,
(3.15)
where
R R OR OJOR 0
T & g (g YR YR &
a _( p’aT) Oa, (&u ) 8/&) [x] 0
Also, from the derivatives of implicit equation f(ag,x) = 0(1.1)
af ox  Of
xa  Ba O’
the following is obtained
fax 6f ox
da  Ox0a
_of
=~ 7a (3.16)
= (»a—f ot | oT ) )
Oag

Then, with (3.16) and from the fact (x; —x})// V f|,_,, the Jacobian matrix J g, a
(3.15) eventually becomes

. - TV
Jgoa=| 22 (6 —x)TVS) of oT | o7
VAl Oag |y
. 1x1 ’1r><n X8 (3.17)
. — X!

= G I
X — Xl Oa,
——— N N S——

Ixn nxl nxn nxs
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In comparison with the Sullivan et al. algorithm [75], this new algorithm consist-
ing of (2.28) and (3.17) simultaneously estimates the parameters a in terms of form,
position, and rotation parameters. Also, with using the Sullivan et al. algorithm,
unnecessary costs are required to obtain the Jacobian matrix from the minimum
distance condition defined in the machine coordinate frame XYZ

F . X
(VF x (X, -x)) =0 with V2 (9/0X, 8/0Y, 8/02)" . (3.18)

If a similar procedure of (3.15)—(3.17) is applied to F(b, X) = 0 with algebraic
parameters b defined in the machine coordinate frame XYZ, the Jacobian matrix
for the Sullivan et al. algorithm can be obtained as below at a lower implementation
cost without using (3.18):

sign ((X; — X{)TVF) oF
IVF| b

Jab =

X=X/

3.2.2 Coordinate-Based Algorithm

The Jacobian matrices {J X/ ati™, (necessary for completing the linear equation
system (2.32)) of each minimum distance point X; on the current model feature can
be directly derived from X = R~ x + X, (1.3)

0X
Ix;a= Ba x
ox ORT oX
== T_‘~ 2
<R%*6am %)zﬂ (3.19)
T
L +( o | 1 | B )
da | . Oa;
N’ i [ e \___,_/
nXxp nxl nxn nXxs

The derivative matrix 9x/0a at x = x; in (3.19) describes the variational behavior
of the minimum distance point x; in xyz frame relative to the differential changes
of the parameters vector a.Purposefully, 8x/da is obtained from the minimum
distance condition (3.5). Because (3.5) has an implicit form, its derivatives lead to

OFox  Of oxi OF o Ofdx (0FOx  OF\ o0
x0a  Ox; 0a ' da = O 5x0a  \Ox 9a  Oa

where 0x;/0a is, from x; = R(X; — X,) (3.2),
8x1 R X,
Da Oa Xi = Xo] - R Ja

z(o) —Rl 4).
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@ Measured/given pomt _ Minimum distance point @
i=1.. -
a' —(ag,xl,w,w, K) N
Jx‘,,. X, - x:
Machine P 3 P |da=R X ] X’ s Bp =8, +0da Machine
coordinate Xod Ja, m T Am e, coordinate
system XYZ ~ system XYZ
Y o S
X F oo Wxa=3a1 - i
x=R(X-X,) 3_;=8_(R(x" X )): ' X=X X=R x+X,
--------------------- 1 ; =-—a—-(R'1x+Xq)i ,
Model L dat Model
coordinate s, 4 coordinate
systemxyz _*_« __________ J ! system xyz
{ofox_ _(of v, or )
Y i9xoa Jx; da aa
Minimum distance =ess
@ = | f(a,x,x)=0 - @

Fig. 3.6. Information flow for the orthogonal distance fitting of implicit features (coordinate-
based algorithm)

The other three matrices 9f /9%, 8f /0x;, and 8f /da in (3.6) and (3.20) are directly
derived from (3.5). The elements of these three matrices are composed of simple
linear combinations of components of the error vector (x; — x) with elements of the

following three vector/matrices V £, H, and G (FHG matrix):

af of of 0 s 0 (Ff
v =2 P _
f= <8x ay’ 82) , H (?xvf’ G dag \Vf) "’ @.21)
a a )
( 0 0 0 g‘ﬁ 5§ oL
o _| vi—y —(m-2) 0 H 4+ 5§ -5 0
% —(zi — 2) 0 T;— T —55 0 %ﬁ ’
0 2~z (yi —v) 0 %Jz: —%5
[ 0 0 0
a )
of |- ¥ o
8Xi %‘5 0 —%ﬁ ’
) )
\ 0 % &
1 0 0 0
of [0 y~y —(zi—2) 0
8a |0 —(z—2) 0 Ti— (Glofo)
0 0 Z—z —(yi—vy)

Then (3.20) can be solved for 8x/8a at x = x| and, consequently, the Jacobian
matrix Jx: o (3.19) and the linear equation system (2.32) can be completed and
solved for the parameter update Aa.
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For the sake of a common program module for curves and surfaces, without
loss of generality, the second and the fourth row of (3.5) have been interchanged.
Therefore, for plane curve fitting, only the first two rows of the modified equation
(3.5) are considered, in other words only the upper-left block of the FHG matrix in
(3.21) is taken into account (see Sect. A.1 for the case of a 2-D ellipse).

3.2.3 Comparison of the Two Algorithms

Both the distance-based algorithm (2.28) and the coordinate-based algorithms (2.32)
for the ODF of implicit features are versatile and highly efficient from the view-
point of their application to a new model feature. We would like to stress that only
the standard feature equation f(ag,x) = 0 (1.1), without involvement of the posi-
tion/rotation parameters, is required by (3.21) for implementation of either of the
two algorithms for a new implicit feature (the second derivatives OV f/dag are
required only by the coordinate-based algorithm). The overall structure of our al-
gorithms remains unchanged for all model fitting problems of implicit features. All
that is necessary for the ODF of a new implicit feature is the derivation of the FHG
matrix of (3.21) from (1.1) of the new model feature and the provision of a set of
initial parameter values ag for iterations (2.28) or (2.32). This fact makes possible
the realization of the versatile and very efficient ODF algorithms for implicit sur-
faces and plane curves. An overall schematic information flow is shown in Fig. 3.6
(coordinate-based algorithm). The two algorithms are compared below from the
viewpoint of implementation and computing cost:

e Common features

— For implementation to a new model feature, only the standard feature equation
(1.1) is required eventually

— The computing cost and the memory space usage are proportional to the num-
ber of data points

— The two algorithms demand approximately the same computing cost because
the time-consuming part of the overall procedure is to find the minimum dis-
tance points.

¢ Differentfeatures

— The distance-based algorithm demands lower memory space usages (with
plane curve fitting one half and with surface fitting one third of the require-
ments of the coordinate-based algorithm)

— The implementation of the distance-based algorithm for a new model feature
is relatively easy because it does not require the second derivatives OV f /Oag
of the feature equation (1.1)

— With the coordinate-based algorithm, each coordinate X;, Y;, Z; of a measure-
ment point can be individually weighted, while only point-wise weighting is
possible with the distance-based algorithm. This algorithmic feature of the
coordinate-based algorithm is practical for measuring devices where measur-
ing accuracy is not identical between measuring axes. From this fact, it can
be said that the coordinate-based algorithm is a more general one than the
distance-based algorithm
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— A comparison between (3.15) and (3.19) reveals
X; =X

d; = T i — X va=—r'r ‘a ith n; = =77 -
n; (X X1)7 Jd'u n; in’ » W n ”Xz_X“|

3.3 Fitting Examples

3.3.1 Superellipse Fitting
A superellipse [35] is the generalization of an ellipse and is described by
f(a,be, %) & (|zl/a)** + (lyl/D)** =1 =0,

where a, b are the axis-lengths and exponent ¢ is the shape coefficient. The use of
superellipses in applications of image processing and pattern recognition is highly
desirable because a superellipse can represent a variety of 2-D features such as a
rectangle (¢ < 1), ellipse (¢ = 1), and star (¢ > 2). Many researchers have at-
tempted to fit superellipses using the moment method [18], [79] or the LSM with
algebraic distances [68].

In order to demonstrate the outstanding performance of our ODF algorithms,
an extreme shape of superellipse, a rectangle, is fitted. The initial parameter values
are obtained from a circle fitting and an ellipse fitting, successively. In detail, the
mass center and rms central distance of the set of given points are used as the initial
parameter values for circle fitting, circle parameters for ellipse fitting [6], [7] and
finally, ellipse parameters for superellipse fitting (Fig. 3.7, Table 3.2). The initial
value of shape coefficient is usually set to € = 1. Superellipse fitting to the eight
points in Table 3.1 representing a rectangle terminated after seven iteration cycles
for ||Aa|| = 7.8 - 10~° (Fig. 3.7d, Table 3.2).

Table 3.1. Eight coordinate pairs (n = 2) representing a rectangle

X 1 10 30 50 60 72 79 8
¥ 0 5 15 25 30 15 0 -15

Table 3.2. Results of orthogonal distance fitting to the points in Table 3.1

Parameter & oo a b 15 Xy Ya K
Circle 12.3547 39.0709 — — 445610 —12.9728 —
o(a) Il — 43164 — —  3.0228 6.3312 —

111 —  4.2428 — —  2.9945 6.1921 —

Ellipse 9.6776 39.1512 22.1785 — 41.3761 0.4474 0.2837
o(a) 1 —  4.0283 6.5574 —  3.2054 4.7416 0.1578

[11 — 3.8490 6.2789 —  3.1623 4.6243 0.1541
Superellipse  0.0031 35.3298 17.8892 0.0527 40.0000 0.0001 0.4637
o(a) 11 — 0.0015 0.0026 0.0002 0.0012 0.0025 0.0001

11 — 0.0015 0.0026 0.0002 0.0012 0.0025 0.0001

II: distance-based algorithm, III: coordinate-based algorithm.
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Residual @,
Parameter

h '// ] 4 % 12 16 20 24 28
B! Iteration number

(©) ()]
Fig. 3.7. Orthogonal distance fitting to the set of points in Table 3.1: (a) Circle fit; (b) Ellipse
fit; (c) Superellipse fit; (d) Convergence of the fit. Iteration number 0-6: circle, 7-21: ellipse,
and 22—: superellipse fit

3.3.2 Cone Fitting
The standard model feature of a cone in xyz frame can be described as below:

Fh,x) £ 2* +y% — (ztan(y/2))* =0,

where 1, the only form parameter, is the vertex angle of a cone. The position X, the
origin of xyz frame, is defined at the vertex. The orientation of a cone is represented
by the direction cosine vector of the z-axis, r;, in (1.3). However, from the viewpoint
of coordinate metrology (Appendix B and [60]), a better parameterization of a cone
is

f,rx) 2 2% + 9% — (r — ztan(y/2))* =0,

where the second form parameter r is the sectional radius of the cone cut by the
xy-plane (¢ = 0). An additional constraint forces the position X, of the cone to
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Table 3.3. Ten coordinate triples (n = 3) representing a quarter of a cone slice

X [mm] 734.8905 739.8980 736.4229 850.6449 850.6271
Y [mm] -—720.8340 -736.6202 —750.8837 —699.2051 —718.8401
Z [mm] —735.4193 —731.4877 —731.9028 —645.0159 —645.7938

X [mm] 919.1539 921.6025 935.7441 931.8560 927.4975
Y [mm] —T711.7191 —727.6805 —766.1543 —T781.5263 —809.7823
Z[mm] —527.1499 —519.4751 —391.4352 —372.0004 —388.0452
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Fig. 3.8. Orthogonal distance fitting to the set of points in Table 3.3: (a) 3-D circle fit;
(b) Cylinder fit; (c) Cone fit; (d) Convergence of the fit. Iteration number 0—4: 3-D circle,
5-16: cylinder, and 17—: cone fit with the initial value of ¥ = 7 /10

be the nearest point on the cone axis r; from the mass center X of the set of given
points (see (2.33), Sect. B.1.2 and Sect. B.2.8)

felap,ar) £ (Xo — X)Trs(w,0) = 0.

As one of the test data sets used in an authorized certification process [29],
[60] of our algorithms, the ten points in Table 3.3 representing a quarter of a cone
slice were prepared by the German federal authority PTB. The initial parameter
values were obtained from a 3-D circle fitting (see Chap. 4) and a cylinder fitting,
successively (Fig. 1.3, Fig. 3.8, and Table 3.4). The initial value of vertex angle
is usually set to ¥ = 0. The cone fitting to the set of points in Table 3.3 with
the constraint weighting value of w. = 1.0 terminated after 60 iteration cycles
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Table 3.4. Results of orthogonal distance fitting to the set of points in Table 3.3

Parameter & go 1) [rad] r [mm] Xo [mm]
3-D Circle 38.8480 —- 283.0367 694.5271
o(a) — — 38.0351 38.1879
Cylinder 2.4655 - 379.0909 561.5321
o(a) — — 10.4544 8.6758

Cone 0.0357 1.4262 276.4373 706.7202

o(a) — 0.0065 0.8173 1.2504
Parameter & Yo [mm] Zo [mm] w [rad] i [rad]
3-D Circle —889.7335 —498.1031 2.0534 0.5477
o(a) 41.8194 22.2402 0.1137 0.1365
Cylinder —702.1460 —398.2213 1.6090 —0.1578
o(a) 11.2828 6.1403 0.0432 0.0282

Cone —890.5186 —499.1046 2.0554 0.5877

o(a) 0.0456 0.6477 0.0029 0.0037

for ||Aal] = 2.3 - 1077 (coordinate-based algorithm). The convergence is some-
what slow because the initial cone parameters (i.e., the cylinder parameters) seem
to provide a local minimum (stationary point). It is especially slow if the constraint
weighting value w; is large and therefore hinders the parameters from changing. If
this quasi-equilibrium state is perturbed, similarly to the random walking technique,
by adding a small artifact error to the initial parameter values, then a faster conver-
gence can be expected. With a non-zero initial vertex angle value of ¢ = /10, the
iteration terminates after only 13 cycles for || Aal| = 2.9 - 1078 (Fig. 3.8d).

3.3.3 Torus Fitting
A torus is a quartic surface described by
flr1,ra,x) 2 2t +y* + 24 + 2(2® + y222 + 2%2?)
= 2(r} + ) (@® +9°) + 2(r] —r))e® + (rF —r])? =0,

where r; is the radius of the circular section of the tube and 73 is the mean radius of
the ring. The initial parameter values are obtained from a 3-D circle fitting (Chap. 4)
(Fig. 1.3, Fig. 3.9) with

— 2
r1= V aO,circIe/m ’

Table 3.5. Ten coordinate triples (n = 3) representing a half torus

T2 = Tcircle -

0 2 0 6 5 7 0 9 10 b
Y 7 11 -7 2 7 1 —6 1 -1 -5
Z 4 7 -1 2 8 —2 2 3 -1 1
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Fig. 3.9. Orthogonal distance fitting to the set of points in Table 3.5: (a) 3-D circle fit; (b) Ini-
tial torus; (c) Torus fit; (d) Convergence of the fit. Iteration number 0—6: 3-D circle, and
7—: torus fit

Table 3.6. Results of orthogonal distance fitting to the set of points in Table 3.5

Parameter & oo 1 o Xo Yo Zo w %]
3-D Circle 6.8370 — 9.0588 0.3831 1.5271 4.7164 0.4932 0.3584
o(&a) — — 2.0388 2.6476 1.6286 2.1410 0.1911 0.2992

Torus 0.3104 25103 7.5121 1.3159 1.9548 3.2324 0.5265 0.2720
o(a) — 0.0844 0.1792 0.1908 0.1099 0.2056 0.0175 0.0268

Torus fitting to the ten points in Table 3.5 representing a half torus terminated after
nine iteration cycles for ||Aa|| = 1.4 - 10~7 (coordinate-based algorithm, Fig. 3.9d
and Table 3.6).

3.3.4 Superellipsoid Fitting
A Superellipsoid (superquadric) [16] is the generalization of an ellipsoid and is de-
scribed by

€1/e

fla,beer,enx) 2 ((al/a)/e + (Iyl/6)*/) " +(lzl/0 ¥ —1 =0,

where @, b, care the axis-lengths and exponents &1, £ are the shape coefficients.
In comparison with the algebraic fitting algorithm [73], our algorithms can fit also
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Table 3.7. 30 coordinate triples (n = 3) representing a box

—4 1 4 20 -11 -2 -3 -7 6 11
3 16 -—=11 -17 1 7 —-13 26 19 24
13 29 10 22 4 —8 1 =15 9 19

3 15 18 =21 —4 -2 =14 20 4 6
-18 9 -3 3 -4 19 14 —-17 =20 20
—25 21 22 —-13 22 11 1 15 —18 24

22 30 —8. —~i1lb 3 2 -22 -2 3 7
-8 —9 15 15 -13 -14 12 —-22 -3 1
4 12 -9 —-18 -15 17 —-13 =20 9 —5

SR ISR IS

(®)

el

'K o -@-O-E 80058 1
i 4
"QM&M!—-{M}—-P;—E—I{"*—U—I—&-{

W f“'ﬂ*—&—a —Am A A b A A A .a\ &-8—6-5
i ae o T ST R S 1“‘-‘—“2

30

™~
Ly

5 e . b}
= e e == R :-vwvav s
g R EEd, &
2 s 40 §
= -8 g/10 5
15 =-A= b0 | Eovow x-n-n &
g -:: c/l’g
& e B
10 :ﬁ::%"5 i 2
- 2
B
5 S I 14
—— ¢x§ |
\—¥— Kxx3 )
1] 5 " . 1 N 1 L -6
0 10 20 kil 40 50 0]
H Iteration number
()] (d)

Fig. 3.10. Orthogonal distance fitting to the set of points in Table 3.7: (a) Sphere fit; (b) El-
lipsoid fit; (c) Superellipsoid fit; (d) Convergence of the fit. Iteration number 0—42: ellipsoid
and 43—: superellipsoid fit

extreme shapes of superellipsoid such as abox withe,2 <« 1 orastarwithey 2 > 2.
After a series of experiments with numerous sets of data points, we have concluded
that our algorithms safely converge with the parameter zone

0.002 < (g7 and g2) < 10 and £1/e2 <500 .

Otherwise, there is a danger of data overflow destroying the Jacobian matrices of
the linear equation systems (2.27), (2.31), (3.6), and (3.9). Moreover, a sharp in-
crease in computing cost associated with finding the minimum distance points is
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Table 3.8. Results of orthogonal distance fitting to the set of points in Table 3.7

Parameter & oo a b c €1 €2
Sphere  33.8999 46.5199 — — — —

o(a) — 9.6364 — — — —
Ellipsoid 14.4338 46.3303  25.5975  9.3304 — —
o(a) — 13.4393 2.7616  0.9553 — =
Superellipsoid 0.9033 246719  20.4927 8.2460 0.0946 0.0374
o(a) — 0.1034 0.1026  0.0598 0.0151 0.0197
Parameter & Xo Y, Zo w © K

Sphere  27.3955 18.2708 —20.8346 . = =

o(a) 7.6529 6.3646 6.8942 — —_ —_
Ellipsoid 1.6769 —1.2537 0.8719 0.7016 —0.7099 0.6925
o(a) 23223  1.2274 2.9542 0.0545  0.0403 0.0849
Superellipsoid 1.9096 —1.0234 2.0191  0.6962 -0.6952 0.6960
o(a) 0.0750 0.0690 0.0774  0.0046 0.0031 0.0059

unavoidable. The initial parameter values are obtained from a sphere fitting and an
ellipsoid fitting, successively (Fig. 1.3, Fig. 3.10, Table 3.8). The initial values of
shape coefficients are usually setto 1 = g4 = 1.

Superellipsoid fitting to the 30 points in Table 3.7 representing a box termi-
nated after 18 iteration cycles for ||Aaj| = 7.9 - 10~7 (coordinate-based algorithm,
Fig. 3.10d). The intermediate ellipsoid fitting (@ > b > ¢) showed a slow conver-
gence in its second half-phase (iteration number 10-42 in Fig. 3.10d), because of a
relatively large variance in the estimated major axis-length & of the ellipsoid caused
by the distribution of the given points. In other words, the performance index o2
of the ellipsoid fitting in Fig. 3.10b is not changed very much by the variation of
the estimated 4 (compare the standard deviation o (&) of the intermediate ellipsoid
o(@)enip. = 13.4393 with that of the superellipsoid o{d)sq = 0.1034 in Table 3.8).
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4. Orthogonal Distance Fitting of
Parametric Curves and Surfaces

In Chap. 3, the distance-based algorithm (2.28) and the coordinate-based algorithm
(2.32) are generally implemented for implicit features F(X,a) = 0 according to
the variable-separation method (Algorithms II and III, respectively). This chapter
describes in detail the general implementation of the three ODF Algorithms I-III
(Table 2.3, Sect. 2.3, Table 4.1) for parametric features X(a, u). Using the imple-
mentations, the model parameters a are grouped and simultaneously estimated in
terms of form ag, position ap, and rotation parameters a, (Sect. 1.1.2, Fig. 4.1). A
sub-problem of the ODF of parametric features is the determination of the location
parameters {u;}; of the minimum distance points {X}}™, on the model feature
X(a, u) from each given point {X;}?,. Algorithm I simultaneously determines
the model parameters a and the location parameters {u;}%, (total method)

wero 200, e 90 (Kl W)}L) @.1)

whilst they are alternately determined in a nested iteration scheme by the Algorithms
IT and I (variable-separation method)

. . 2 ! m
PR o e (K0 42

The implementation of Algorithm I, which is published in literature [74] (Table
1.2, Table 4.1), is described in Sect. 4.2.1. Section 4.2.2 describes the general im-
plementation of Algorithm II with the parameter grouping of aT = (ag, ag ,ar),
whereas Algorithm II without the parameter grouping is known in literature [25].
The new Algorithm III for parametric features is described in Sect. 4.2.3.

Through the implementations of the Algorithms I-III for parametric features,
the minimum distance information {d;},, {X}},, and their Jacobian matrices
{34,012 1, {Ix: 2 }i%, are obtained from the standard feature description x(ag, u)
(1.2) defined in a model coordinate frame xyz and from the coordinate transfor-
mation equation X = R™!x + X, (1.3). To apply the Algorithms I-III to a new
parametric feature, only the provision of the first and the second derivatives of the
standard feature description (1.2), which usually has only a few form parameters ag,
are required. The functional interpretation and treatment of the position a, and the
rotation parameters a; concerning the coordinate transformation (1.3) are the same
for all parametric features.
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Fig. 4.1. Parametric features and the minimum distance point xj in xyz frame from the given
point X; in XYZ frame: (a) Curve; (b) Surface

Table 4.1. Orthogonal distance fitting algorithms for parametric features

Approach Distance-based algorithm Coordinate-based algorithm
Tetal wisthiod Underdetermined Algorithm I:
Ote) mstho linear equation system ETH [74]
Variable-separation Algorithm II: Algorithm III:
method NPL [25], FhG [10] FhG [10]

Section 4.1 describes a rapid and robust algorithm for finding the minimum
distance point on a parametric feature from a given point. Section 4.2 describes the
general implementation of the distance-based algorithm (2.28) ( Algorithm II) and
the coordinate-based algorithm (2.32) (Algorithms I and IIT) for parametric features.
Various fitting examples are given in Sect. 4.3.

4.1 Minimum Distance Point

Similarly to the case (3.1) of implicit features, the time-consuming part of the
variable-separation method (4.2) (Algorithms II and III) is the inner iteration find-
ing the location parameters {u}}™ ; of the minimum distance points {X}}*, on a
parametric feature from each given point {X;},. Also, as with the total method
(4.1) (Algorithm I), provided with the initial model parameters ag, the location pa-
rameters {u}}™, of the minimum distance points {X/}, are used as the initial
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values for {u; }I%; ofthe iteration (4.1). For these reasons, an efficient and robust al-
gorithm for finding the location parameters {u}}72, is essential to the ODF of para-
metric features in the case of both the total method (4.1) and the variable-separation
method (4.2).

For a given point x; in xyz frame (Fig. 4.1)
x; = R(X; - X,), (4.3)

the location parameters u} of the minimum distance point x; are determined on
the standard model feature x(ag, u) (1.2) defined in xyz frame. Then the minimum
distance point X} in XYZ frame from the given point X; can be obtained through
the backward transformation of x; into XYZ frame

X, =R x|+ X,.

For some parametric features such as a circle, sphere, cylinder, cone, and torus, the
location parameters u; can be determined in closed form at low computing cost.
However, in general, u} must be found iteratively satisfying appropriate minimum
distance conditions. In this section, first, the Newton method is described (Sect.
4.1.1) for finding the location parameter uj. Then, the Newton method is enhanced
by applying the Levenberg-Marquardt algorithm [50], [52] (Sect. 4.1.2) which per-
mits a broader convergence domain than the Newton method. In the following sub-
sections, the location parameters of the minimum distance point are marked with
prime, as u; with curve and as u] with surface, once they have been determined and
are ready for use. Otherwise, they are notated with « or u.

4.1.1 Newton Method

The minimum distance problem with parametric features can be solved using the
Newton method [47], [62], [77]. Our aim was to find the location parameters u that
minimize the error distance d; between the given point x; and the corresponding
point x on the standard model feature x(ag, u) (1.2)

D(u) £ d?
= [[x: — x(ag, u)|* (4.4)
= (x: — x(ag,0)) T (x; — x(ag, ) .

The first order necessary condition for a minimum of (4.4) as a function of u is

*3 (ano0)

_ ((xz- ~ x(ag, u))Txu> o

(xi — x(ag, u))Txy

f(x;, x(ag,u))
(4.5)

Equation (4.5) denotes that the distance vector (x; — x) and the feature tangent
vectors 9x/0u at x should be orthogonal (Fig. 4.1). Equation (4.5) is solved for
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u using the Newton method (how to derive the Hessian matrix 8f/8u is shown in
Sect. 4.2.3)

f
o Au= —f(u)|, , Ugy1 = ug +adu. 4.6)
Ou|,

4.1.2 Levenberg-Marquardt Algorithm

The Newton method is known to converge fast at a quadratic rate [33]. A drawback
of the Newton method is the relatively narrow convergence domain , as illus-
trated in Fig. 4.2 and Table 4.2 for the case of a univariatefunction D(u). Because
both the minimum and maximum points of D(u) satisfy the first order necessary
condition 8D(u)/8u = 0 (4.5) and could pull the Newton direction A, an addi-
tional condition (namely, the second order necessary condition) is required for the
convergence of the iteration (4.6) to a local minimum point of D{u) that the current

4\ maxmu
MaX ey ) Desired direction 4 ————2a
PN \\
A7\ N,
AN My Newton
direction: Au
8D/ ou’
T ) aD/ou
p = i N, .
- @ -

Fig. 4.2. Search for the local minimum point ’ of afunction D(u)

Table 4.2. Behavior of the Newton direction Aw in Fig. 4.2

_ 8D/ou 9*D/ou’

Au = — 52D /00 - - D(u)

+ - + Increase
oD /ou
- + — Decrease
D(w) Concave: Convex: Desired:
u
[A]. [D]
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point ux must lie inside the concave zone of D(u) where 82D /0u? > 0 ( in

Fig. 4.2). Otherwise (, ), the Newton iteration (4.6) directs toward a local
maximum point of D{u) or, in a worse case, diverges. Thus, in order to broaden the
convergence domain from to @ in a straight manner, the sign of the Newton
direction Au is made dependent only on the sign of the slope 8D(u)/8u of D(u)
by blinding the sign of 82D /8u? as below:

8D /8u

Au= - 22108
6°D/8u? + ¢ |,

with t>0,

where the small positive number ¢ prevents the parameter update Av from over-
shooting near the turning point of concave/convex where |62D/du?| ~ 0.

A more robust and generally extendable method for overcoming the narrow con-
vergence domain of the Newton method, also through making the sign of Au de-
pendent only on the sign of the slope 8D(u)/du, is to elevate the second derivative
curve 2D /8u? in Fig. 4.2 by adding a sufficiently large positive number A when-
ever the second derivative is negative as 82D /8u? < 0 at the current point ug

8D /du

A= Do + A

with x> |0°D/ou?|, . .7

Uk

The basic idea in (4.7) is nothing other than that in the Levenberg-Marquardt algo-
rithm [50], [52] for the multivariate minimization problem below:

of
((9_11 + )\I)

There are a variety of methods for determining (controlling) the correct size of
the positive number A in (4.8) [33], [64]. Because the search domain of the location

Au= —f(u)|, , Uyl = Ug + adu . 4.8)
k

(a+A)c+A)-b

\ V.

B
(a) (b)

Fig. 4.3. Determination of A for the Levenberg-Marquardt algorithm (4.8): (a) Determinants
of the Hessian matrix (4.9) of the Newton method (4.6). A: ac — b> > O buta < 0, B:
ac—b*> < 0,C:ac—b*> > 0 anda > 0; (b) Determination of X forcing (a+A)(c+A)—b% > 0
and (a+A) >0

S |

Y
A
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parameters for the minimum distance point on a parametric curve/surface has a max-
imum of two variables (univariate « with curve and bivariate u with surface), the
application of the Levenberg-Marquardt algorithm (4.8) to the minimum distance
problem in this section is relatively straightforward. Whenever the Hessian matrix
of the Newton method (4.6) is not positive definite at the current point ug (as at A
or B in Fig. 4.3a)

abéﬁ
b ¢/ du

we provide (4.8) with the positive number A below (Fig. 4.3b):

4.9)

ith a<0 : univariate
W
- a<0 or ac—b2<0 :bivariate,

—a+t : univariate
-3 (a +c—+/la—c)?+ 4b2) +t :bivariate.

In practice, the small positive number ¢ = 1.0 works well. When the Hessian matrix
of the Newton method (4.6) is positive definite as at C in Fig. 4.3a

a>0 : univariate
a>0 and ac—b*>>0 :bivarate,

the Levenberg-Marquardt algorithm is deactivated and the Newton method used by
setting A = 0 in (4.8). The Newton method (4.6) supported by the Levenberg-
Marquardt algorithm (4.8) shows fast and robust convergence to a local minimum
point even if the current point uy lies remotely from the local minimum point. In
this chapter, if not explicitly mentioned, the Newton method (4.6) implies the use of
the Levenberg-Marquardt algorithm (4.8) whenever the condition (4.9) is invoked.

4.1.3 Initial Values

With the minimum distance problem, there is at least one local minimum distance
point on a model feature from a given point (in other words, the problem is solv-
able eventually), because the distance function (4.4) is always non-negative (i.e.,
lower-bounded) by nature. On the other hand, generally speaking as far as mini-
mization problems are concerned, only the local minimum points can be located,
whereas there is no sufficient condition that a local minimum point found is just the
global one. The only practical method is to solve the minimum distance problem
from a number of different starting points and then use the best solution obtained
[33]. Such strategies as the linear search and the clustering method [77] for select-
ing the number and distribution of the initial points are important for the effective
search for the global minimum distance point. Because the Newton method (4.6)
supported by the Levenberg-Marquardt algorithm (4.8) shows fast and robust con-
vergence to a local minimum point even if the initial point ug, lies remotely from
the local minimum point, only a sparse distribution of the initial points is required.
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Moreover, with many well-known model features, the minimum distance problem
can be solved in closed form or a single initial point ug can be supplied from which
the iteration (4.6) converges to the global minimum point.

With some simple model features having a linear/circular section such as a cir-
cle, sphere, cylinder, cone or torus, the minimum distance problem can be solved in
closed form. For example, with a 3-D circle defined in xyz frame

x(r,u) 2 (rcosu, rsinu, 0)T with —r<usm,

the location parameter value u} of the global minimum distance point x; on the 3-D
circle from a given point x; is

u, =tan" ' 2L | (4.10)

With other model features of a more general shape, the location parameters
u have to be found using iteration (4.6) starting from a number of different ini-
tial points. Fortunately, with many well-known model features having axis or plane
symmetry (e.g., ellipse, parabola, ellipsoid, paraboloid, elliptic cone, etc.), the two
points x; and x; lie in the same half-plane/space of xyz frame. From this fact, the
appropriate domain of the location parameters, from which the iteration (4.6) con-
verges to the global minimum distance point, is selected. For example, with a 3-D
ellipse defined in xyz frame

T

x(a,b,u) £ (acosu, bsinu, 0) with a>b, -nwT<u<sm,

the initial location parameter value wuy that leads the iteration (4.6) to the global
minimum distance point can be obtained as shown below:

TY; >
up=1{™? w20 @.11)
—m/2 :y; <0.

Furthermore, the closed form solution of the minimum distance point on a circular
feature such as a circle, sphere, cylinder can be used as reasonable initial values for
the iterative search (4.6) for the global minimum distance point on the corresponding
elliptical feature (i.e., ellipse, ellipsoid, elliptic cylinder). In other words, (4.10) is
used instead of (4.11) as the initial value for finding the global minimum distance
point on a 3-D ellipse.

Finally, a method is given as to how to handle the singular point of a parametric
feature where the feature tangents vanish and/or are parallel to each other, as X, = 0
with curve and as x,, X x,, = 0 with surface [27]. An example of a singular point is
the north/south pole of an ellipsoid where v = undefined, v = +7/2, and x, = 0,

x(a,b,c,u) £ (acosucosv, bsinucosv, csinv)T .

The tangents at the north/south pole of an ellipsoid are well-defined in geometric
space xyz but not in parametric space uv (i.e., the north/south pole of an ellipsoid
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has G* continuity but not C* continuity). When not supported by the Levenberg-
Marquardt algorithm (4.8), the Newton method (4.6) is prone to converge to a sin-
gular point if the current point lies near the singular point, even though the singular
point might not be a local minimum distance point. Supported by the Levenberg-
Marquardt algorithm, the Newton method has no serious problems with singular
points. Nevertheless, once the iteration (4.6) is caught by a singular point (e.g., by
a curve point with x,, = 0), no further update of the location parameters from
(4.6) takes place. Here, in order to give a chance for (4.6) to escape from the sin-
gular point, the current location parameters (of the singular point) are perturbed by
adding small random errors and then the iteration (4.6) will be restarted. When (4.6)
repeatedly falls into the singular point, this may be accepted as a local minimum
distance point.

4.1.4 Acceleration of Finding the Minimum Distance Point

The computing cost of finding the global minimum distance point by starting from a
number of different initial points is generally high, even using a search strategy such
as the clustering method. Fortunately, the location parameters uj of the minimum
distance point change their values highly incrementally between two consecutive
outer iteration cycles in the second half-phase of the outer iteration of (4.2) where
the parameter update Aa will have been moderate. Thus, to save the computing cost
in a similar manner as with the case of implicit features (Sect. 3.1.4), the resultant
location parameters uj from the inner iteration inside the last outer iteration are used
as the reasonable initial values for the current inner iteration

Wiatada = U, - 4.12)

X =X(a,u;,)
X, =X(a+oda,u},)
X:.I = X(a +* aAa" “;.24{&1! )

Y

Z X(a +0da,u) _A
X T

Fig. 4.4. Minimum distance points X3 ; and X{ 2 on X(a + ada,u) (updated parametric
feature) from the given point X;. Iterative search for the minimum distance point may con-
verge to ngl, if the iteration (4.6) started from the location parameter ug,a of the minimum
distance point X} on X(a, u) (see (4.12)), while ngz is the global minimum distance point
being || Xi — Xi 1| > || Xi — Xi.||
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Also, in order to overcome the pitfall of using (4.12) (Fig. 4.4), similarly as with the
case of implicit features (see Fig. 3.5), the location parameters u; are periodically
refreshed during the second half-phase of the outer iteration by starting the iteration
(4.6) from the initial points described in Sect. 4.1.3.

The strategy for an efficient and inexpensive finding of the location parameters
u;, for the minimum distance point on a parametric feature is summarized below:

e Use the closed form solution of uj, if available

o In the first half-phase of the outer iteration of (4.2), start the inner iteration (4.6)
from the initial points described in Sect. 4.1.3

o In the second half-phase of the outer iteration, start the inner iteration from the
initial point (4.12)

e Periodically, in the second half-phase of the outer iteration, start the inner iteration
from the initial points described in Sect. 4.1.3.

4.2 Orthogonal Distance Fitting
4.2.1 Algorithm I (ETH)

Algorithm I (ETH) [34], [74] is based on the performance index (2.21) and simul-
taneously estimates the model parameters a and the location parameters {u; }7%
(total method, see (4.1)). The new estimation parameter vector b is defined consist-
ing ofaand {u; }[%,

T A T, T ,T ,.T T
b =(agaap1ar 1u13"'aum)

(4.13)
= (a1,.-+,p, U1, V1, - -+ Um, Um ) -

Using a procedure similar to (2.29)—(2.31) carried out in Sect. 2.3.2, the Gauss-
Newton iteration for determining the extended parameters b (4.13) which minimize
the performance index (2.21) can be constructed

ox’

P—r| Ab=P(X-X)|,, e =betadb. 4.14)
k

In order to complete the linear equation system (4.14), the Jacobian matrices
{Ix; b}z 1 of each correspondlng point {X!}™ ; on the model feature are required.
To note is that {X![}r, are not necessarily the minimum distance points from the
given points {X;}™,. From x(ag, u) (1.2) and X = R~*x + X, (1.3), the follow-
ing can be derived:
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3 0X
Xb = o
’ b |x_x;
0 T
= 35 (R"x(ag,u) + X,)
ox ORT 0X,
= T"'— ey
(R b b < ob ) s
ox ORT ox
= T2 0;.---.0,_ T2 0iq.-+- .0
(R 6ag I 6ar [X] 1 ,Oz 17R 611’ i+1, 3 m)
N | N [ — ~— v/ lu=u;
~ nxl nxn s P nxm : curve (univariate)
n;p nx2m :surface (bivariate)

Jay
= <JX;,a

01, -+ ,0i—1,dx:,4,0i41,- - , 0, )

u=u;

(4.15)

The unfolded form of the linear equation system (4.14) is shown below and can be
solved for the parameter update Ab:

Aa
JX'pa Jx'l,u 0 Au1 )(1 . )(/1
Pl . |=P . (@416)
Txpe 0 I/ \ gy, Xy — X!,
nmx(p+m)  :curve (univariate) nmx1

nmX (p+2m) :surface (bivariate)

The advantage of Algorithm I is the low implementation cost for application to a
new parametric feature, because merely the provision of (4.15) is required with only
the first derivatives 9x/8u and 8x /a, of the standard feature description x(ag, u)
(1.2) of the new parametric feature. A disadvantage of Algorithm I is that memory
space and computing cost increase rapidly with the number of data points unless
the sparse system (4.16) is handled beforehand by a sparse matrix algorithm [38]
(assuming m > p and the use of the SVD for solving (4.16), memory space usage
and computing cost are proportional to m?2 and m3, respectively (see Table 2.4)).

The convergence of the iteration (4.16) is highly affected by the selection of the
initial values for the location parameters {u;} ;. Provided with the initial model
parameters ag, the best initial values for {u;}™, would be the location parameters
{u/}, ofthe minimum distance points. Also, to interrupt the unintended develop-
ment illustrated in Fig. 4.4, which also occurs with Algorithm I in a similar manner,
the algorithms for finding the minimum distance point should be used to periodi-
cally refresh the location parameters {u;} ; during the iteration (4.16). For these
reasons, Algorithm I should still be assisted by the algorithm for finding the min-
imum distance points which requires the second derivatives 92x/8u? of x(ag, u)
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(Sect. 4.1). Due to this real practice, the advantage of Algorithm I noted above with
regard to implementation costs would be partially invalidated.

With the existence of the minimum distance condition (4.5), which is one of the
primary criteria for ODF to be strictly fulfilled, the location parameters {u;}~, are
dependent on the model parameters a

6u¢

S #0,  i=1..,m. (4.17)

In other words, provided with the model parameters a and the given points {X;}1* ;,
the location parameters {u;}*, are to be determined eventually from the minimum
distance condition (4.5) (Sect. 4.1). However, parameterization (4.13) and the lin-
ear equation system (4.16) ignore the parameter dependencies (4.17) and treat both
a and {w;}]*, as independent variables. If the current model parameters ay are
not close enough to the final estimation a during the iteration (4.16), the updates
{Au;}"; ofthe location parameters are large enough to head for a divergence do-
main (parameter overshooting). Consequently, the step size factor « is forced to be
small enough to hold the updated location parameters {u; + aAu;}7%; in a con-
vergence domain. However, the small « stabilizes the iteration (4.16) at the cost of
a side-effect that the resulting update aAa of the model parameters becomes un-
necessarily small, causing a slow overall convergence of the iteration (4.16) (see
Fig. 4.8a). Whilst the parameter dependencies (4.17) are overlooked by Algorithm
I, they are properly suppressed in product form with (4.5) by Algorithm IT (Sect.
4.2.2) or are derived from (4.5) and fully utilized by Algorithm III (Sect. 4.2.3).

4.2.2 Algorithm II (NPL, FhG)

Algorithm II is based on the performance index (2.20) and alternately estimates the
parameters a and {u;}*, (variable-separation method, see (4.2)). The inner itera-
tion of (4.2) determmes the location parameters {uj}7, for the minimum distance
points {X}}7, on the current model feature from each given point {X;}%; (Sect.
4.1). The outer iteration updates the model parameters a. In this section, the gen-
eral implementation of the distance-based algorithm (2.28) is described which up-
dates the model parameters a minimizing the performance index (2.20). In order to
complete and solve the linear equation system (2.28) for the parameter update Aa,
provided with the minimum distances {d } from the inner iteration of (4.2), the
Jacobian matrices {Jg4, a}, of each mmlmum distance {d;}7*, must be supplied.

With the initial NPL algorithm [25], [77], the parametric feature is defined in a
coordinate frame XYZ without parameter grouping in terms of form, position, and
rotation parameters (model parameters b without parameter grouping are differen-
tiated from model parameters a with parameter grouping)

X(b,u) with  bT =(b,...,bp). (4.18)

From d; = ||X; — X}|| and (4.18), the Jacobian matrices {J4, b}, of each mini-
mumdistance d; are derived:



66 4. Orthogonal Distance Fitting of Parametric Curves and Surfaces

_ bd;
Jab = o
X -xpT ax X du (4.19)
X=X Bu 9b ,
l.l=l.li

With the minimum distance condition (4.5) at u = uj, which is adapted for the

distance function D(u) = [|X; — X(b, u)||? defined in XYZ frame, the Jacobian
matrix Jg, b (4.19) can be simplified as follows:

X, - X)T=—= =0T,
( ) e .
thus,
X =x)”
J. S Sl B 7B 4.20
b= UK X OB |y (429
—_———

Ixn nxp

Now, provided with {Jg, »}7%, and {d;}[%,, the linear equation system (2.28) is
completed and can be solved for the parameter update Ab.

In order to implement the parameter grouping ofa™ = (a7, aj,al), a highly
desirable algorithmic feature for applications, the initial NPL algorithm is mod-
1fled into a new algorithm [10]. From d; = ||X; — X[, x(ag,u) (1.2), and

= R™'x + X, (1.3), the Jacobian matrices {J dl,a}z_1 of each minimum dis-
tance d; are derived:

ad;
Ja2= 5

_ (X -XpTex

S IXe =X oa|

_xnT T
_ (XX (RT (ax N Q)_c_a_u) oRT axo)
1X: — XJ|| da  Guda) ©da | Oa i
4.21)

With (1.3) and (4.5) at u = uj, the Jacobian matrix Jg, o (4.21) can be simplified
as follows:

TOx

NnT
(X; X)Rau
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thus,
X —X)T [ 5 ox
Jja=———"—1| R 4.22
di,a ”xz . X;,H 8ag [ z] ( )
e —— | S

1xn nxl nxn nxs

Compared with the initial NPL algorithm (4.20), the new Algorithm II (4.22) with
the linear equation system (2.28) estimates the model parameters in terms of form
ag, position ap, and rotation parameters ay.

The advantage of Algorithm II is the lowest memory space usage of all three
ODF Algorithms I-III for parametric features. A drawback of Algorithm II, both
the initial NPL algorithm (4.20) and the new Algorithm II (4.22), is that the con-
vergence and the accuracy of 3-D curve fitting such as fitting a circle in space are
relatively poor [10], [77]. As a worse case, if the initial parameters ag are not close
enough to the final estimation 4, the convergence performance of 3-D curve fitting
with Algorithm II becomes unbearably poor. 2-D curve fitting or surface fitting with
Algorithm II does not suffer from such convergence problems.

4.2.3 Algorithm III (FhG)

The new Algorithm III [10] is based on the performance index (2.21) and alter-
nately estimates the parameters a and {u;}~, (variable-separation method, see
(4.2)). The location parameters {u}}; of the minimum distance points {X}}
on the current model feature from each given point {X;}72, are found by the algo-
rithm described in Sect. 4.1 (inner iteration). In this section, the coordinate-based
algorithm (2.32) (outer iteration) which updates the model parameters a minimizing
the performance index (2.21) is generally implemented.

From x(ag,u) (1.2) and X = R7!x + X, (1.3), the Jacobian matrices
{Jx/ a}i2; ofeach minimum distance point X; are derived:

X
e = Ba e x,
Ox 0Ox0u ORT X
— T v 0
- (R (aa " Bu aa) * %a " oa > o 423)
Ox Ou ox 8RT
_RT=2=Z" T -
=R Ou Oa u=u} * ( R aag u=u/ ! [ 1'] )
—— * N—— S~ h/—’
nxp nxl nxn nxs

The derivative matrix Su/0a at u = u; in (4.23) represents the variational behavior
of the location parameters u; of the minimum distance point relative to the differ-
ential changes of the model parameters a. Purposefully, 8u/da is derived from the
minimum distance condition (4.5) which, provided with the model parameters a and
the given point X;, constrains the location parameters u to represent the minimum
distance point. Because (4.5) has an implicit form, its derivatives lead to
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Of du of ox; Of of du of ox; Of
R g __ ), @24
Buda x0a "oa 0 ' Buoda (6xi a 6a> , (424)
where dx;/0a is, fromx; = R(X; — X,) (4.3),
6Xz _ IR 6Xo
a = Ba X7 ~Xo]-R 6a

=(0I —R! OR 1%, _ x])

The other three matrices 8f/8u, 8f/x;, and 8f/da in (4.6) and (4.24) can be
directly derived from (4.5). The elements of these three matrices are composed of
simple linear combinations of components ofthe error vector (x; —x) with elements
of the following three vector/matrices 8x/8u, H, and G (XHG matrix):

Go X
275 = (xu x,v) , H = (x’u,u xuv) s G = Gl é _a_ xu> s

ou Xoyu Xoyy G, aag Xy
(4.25)

of _ T (xi - X)Txuu (xi - X)Txuv

5& - (Xu Xv) (Xu Xv) — ((x _ X)Txvu (Xi _ x)Txm, s

Bf o T Bf TGO — (X; - X)TG1

9%, - (Xu Xv) s a_a‘ ( TGO _ (X . X)TG’2 0 0 .

Now (4.24) can be solved for u/da at u = u}, then the Jacobian matrix (4.23) and

the linear equation system (2.32) can be completed and solved for the parameter
update Aa.

® Measured/given po:nt ~Minimum distance point @
i=l,. -

a ‘-(%:xg,fﬂ,@af) \ 1
Jx: A x] = X;
Machine S =K X : X’ o Bpn SR FOAR || \pochine
coordinate Ix.a i mRm o, coordinate
system XYZ system XYZ
Y =~ e
X=R(XHXO) %:%(R(x,"xo))i :’- h aa"(:x: x‘:R.-Ix+Xn
---------------- womemt 9 (R'x(a,,u)+X,)
\ 1 a 2 '_ll A
Model X [ .1 Model
coordinate N l coordinate
system xyz ____________‘_ __________ g system xyz
'5‘f du_ (of Ox,  of }
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Fig. 4.5. Information flow with Algorithm III (FhG) for parametric features
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To note is that only the standard feature description x(ag,u) (1.2), without
involvement of the position/rotation parameters, is required in (4.25). The overall
structure of Algorithm III remains unchanged for all fitting problems of parametric
features (Fig. 4.5). All that is required for a new parametric feature is to derive the
XHG matrix (4.25) from (1.2) of the new model feature and to supply a set of initial
parameter values ag for iteration (2.32). Algorithm IIT shows robust and fast conver-
gence for 2-D/3-D curve and surface fitting. Memory space usage and computing
cost associated with Algorithm III are proportional to the number of data points. In
comparison with Algorithm I (Sect. 4.2.1) and Algorithm II (Sect. 4.2.2), a disad-
vantage of Algorithm III is the involvement of the second derivatives 8%x/8udag
(see G and G in (4.25)).

4.2.4 Comparison of the Three Algorithms

In the previous sections, the distance-based algorithm (2.28) (Algorithm II) and
the coordinate-based algorithm (2.32) (Algorithms I and IIT) are implemented in a
general and well-organized manner for parametric features. Algorithm I (ETH) is
known in literature [34], [74]. The initial Algorithm IT (NPL) without the parameter
grouping of aT = (aT,af,al) is also known in literature [25], [77], which we
modified into a new Algorithm II (FhG) with the parameter grouping. Algorithm III
(FhG) is a new algorithm recently developed at the Fraunhofer IPA [10]. All of the
three Algorithms I-III with parameter grouping are applicable to any kind of para-
metric feature. To apply the three algorithms to a new parametric feature, merely the
provision of the first and the second derivatives of the standard feature description
x(ag, u) (1.2) which contains only a few form parameters a are required. The three
Algorithms I-III are compared as follows:

e Computing cost
— If not supported by a sparse matrix algorithm, Algorithm I has the computing
cost of O(m3). Supported by a sparse matrix algorithm, it is of O(m) [74].
But, to note is, a sparse matrix algorithm does not work at a null cost of imple-
mentation and computing
— Algorithms II and III have about the same computing cost of O(m). The time-
consuming and shared procedure of them is finding of the location parameters
of the minimum distance points.
e Memory space usage
— Ifnot supported by a sparse matrix algorithm, Algorithm I has a memory space
usage of O(m?). Supported by a sparse matrix algorithm, it is of O(m) [74]
~ Memory space usage of the Algorithms II and III is of O{m). Algorithm II
demands one half (2-D feature fitting) or one third (3-D feature fitting) of the
memory space usage of Algorithm III.
¢ Implementation cost
— Algorithm I requires only the first derivatives of x(ag, u). If the minimum
distance point algorithm (Sect. 4.1) is to be used for supplying the initial values
and/or for refreshing the location parameters, the second derivatives §%x/8u?
should also be provided
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~ The Algorithms IT and IIT require the first derivatives of x(ag, 1) and the sec-
ond derivatives 8%x/6u?

— The second derivatives 82x/8udag are additionally required by Algorithm IIL.

o Convergence performance

— Algorithm I shows slow convergence if the initial model parameters ag are not
close enough to the final estimation a

— Algorithm IT has poor convergence performance for 3-D curve fitting

— Algorithm III shows fast and robust convergence for 2-D/3-D curve fitting and
surface fitting.

On reviewing the above comparison, it is seen that each of the three Algorithms
I-IIT has at least one relatively weak point for applications, which the other two
algorithms do not have. The weak points are

o Algorithm I: high computing cost and slow convergence
o Algorithm II: poor convergence with 3-D curve fitting
e Algorithm III: involvement of the second derivatives 8?x/8uday.

Otherwise, the three algorithms are all highly applicable to the ODF problems of
general parametric curves and surfaces. Thus, the three algorithms are to be pur-
posefully applied, taking into consideration the number of data points, the type of
model feature, the goodness of initial values, and the frequency of task run.

4.3 Fitting Examples

In order to compare experimentally the three Algorithms I-III, this section gives
examples of 3-D curve and surface fitting.

4.3.1 Helix Fitting

As an example of 3-D curve fitting, the ODF of a helix is shown. The standard
feature description (1.2) of a helix can be defined in xyz frame as follows:

x(r, h,u) 2 (rcosu, rsinu, hu/2m)" with —w<u< o,

where r and A are the radius and the pitch of a helix, respectively. Note that there are
an infinite number of sets of the extrinsic parameter values {X,, k£ } representing the
same spatial instance of a helix (please imagine corkscrewing a helix), thus showing
the same performance value of (2.20)—(2.21) with a set of given points. In order to
remove this freedom in parameter space, X, is constrained to be the nearest point
on the helix axis r, (1.3) from the mass center X of the set of given points (see
(2.33) and Sect. B.1.2)

fe(ap,ar) 2 (Xo — X)Try(w,0) = 0.

The initial parameter values are obtained from a 3-D circle fitting and a cylinder
fitting successively (Fig. 1.3a). The helix fitting to the set of points in Table 4.3,



4.3 Fitting Examples 71

using Algorithm III with the initial values of h = 5 and k = 7 /2, terminated after
seven iteration cycles 0.07 s for ||Aal| = 9.2 - 10~7 with a Pentium 133 MHz PC
(Fig. 4.6, Table 4.4). They were ten iteration cycles 0.16s for ||Aaj| = 4.7 - 1077
using Algorithm I and, 128 iteration cycles 2.21 s for ||Aal|| = 6.2 - 1075 using
Algorithm II. Algorithm II showed relatively slow convergence for the 3-D circle
and the helix fitting (3-D curve fitting).

Table 4.3. Ten coordinate triples (n = 3) representing a helix

X 7 5 3 1 -1 -3 -4 -5 -5 -5
Y 1 3 4 4 -4 4 2 1 -1 -3
zZ 3 4 4 4 3 2 1 0 -1 -1

= —a-8--8-8-8- 1
S¢e-a-oea 8 |

z
g
g
[}
g
: 5
§ £
=
o
=
=
[+
[
B
Iteration number
(b)

Fig. 4.6. Orthogonal distance fitting to the set of points in Table 4.3: (a) Helix fit; (b) Con-
vergence of the fit (Algorithm III). Iteration number 0-2: 3-D circle, 3—-12: circular cylinder,
and 13- helix fit with the initial values of A = 5 and k = 7/2

Table 4.4. Results of orthogonal distance fitting (Algorithm III) to the points in Table 4.3

Parameter & oo r h Xo Yo
Circle 1.2264 6.6484 — 1.3055 —1.5365
o(a) = 0.4262 — 0.3662 0.5513
Cylinder 0.4696 7.0495 — 1.9752 0.0669
o(a) — 0.4841 — 0.3381 0.7822
Helix 0.8736 5.8695 12.2904 0.8919 —0.9342
o(a) — 0.7900 5.2913 0.5218 0.7419
Parameter & Zo w 7% K
Circle 0.6629 0.4707 —0.2235 —
o(a) 0.4289 0.0854 0.0544 —
Cylinder —1.8749 1.1132 0.0086 =
o(a) 1.1540 0.2390 0.0963 —
Helix 1.0216 0.6774 —0.6012 2.1575

a(a) 0.5099 0.1516 0.1986 0.2848
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4.3.2 Ellipsoid Fitting

To compare the convergence and computing cost of the three Algorithms I-III for
surface fitting, ellipsoids are fitted to the sets of 10-100 points (Fig. 4.7). The stan-
dard feature description (1.2) of an ellipsoid can be defined in xyz frame as follows:

Q COS U COS ¥
bsinu cosv
csinv

x(a,b,c,u) £ with —7r<u<nm, —-n/2<v<7/2.

There is no significant difference in convergence performance between Algo-
rithms II and III (Fig. 4.8a). Algorithm I shows poor convergence if the initial pa-
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Fig. 4.7. Ellipsoid fit to 10-100 points randomly distributed on the parametric domain uv
of -1.0 < v < 3.0and —0.5 < v < 0.5 with an rms error distance of 0.1 for ag

(10,15,20)T, a, = (10,-10,10)T and a, = (0.5, —0.5,0.5)T. Distance error bars are
elongated ten times: Ellipsoid fit to the (a) 10, (b) 20, (c) 50, and (d) 100 points

=o— 1/ 100
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<

0.4

(d)

T

Fig. 4.8. Convergence and computing cost of the three Algorithms I-III. The initial parameter
values are taken from the sphere fitting to each set of points: (a) Convergence of the ellipsoid
fit to the 100 points in Fig. 4.7d; (b) Computing time with a Pentium 866 MHz PC
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rameter values are not close enough to the final estimation values. Furthermore,
the computing cost associated with Algorithm I increases rapidly with the num-
ber of data points. For m = 100, the computing cost of Algorithm I is about 140
times higher than that of Algorithm II or IIl. For m = 10, itis 1.7 times high (see
Fig. 4.8b). Algorithm III demands a slightly higher computing cost than Algorithm
II because the number of rows in the linear equation system (2.32) (3m, Algorithm
II with surface fitting) is three times great relative to that of the linear equation
system (2.28) (m, Algorithm II). Not forgetting that the time-consuming procedure,
compared with solving the linear equation systems (2.28) and (2.32), is the determi-
nation of the location parameters {u}}, of the minimum distance points, a factor
which is shared by Algorithms II and III. The rise in the computing time of Al-
gorithms II and III with sets of 50 and 90 points is due to the refreshment of the
location parameters of the minimum distance points after a rearrangement of the
parameter values of a; and a,. For the purpose of a directly comparable presen-
tation of the resultant ellipsoids in Fig. 4.7, parameter rearrangement is optionally
activated to hold @ < b < ¢ (see Sect. B.1.4).
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5. Object Reconstruction from
Unordered Point Cloud

The goal of object reconstruction is to generate the list of objects in a real environ-
ment, together with the object model parameters and the geometric interrelations
between the objects. A successful object reconstruction presupposes the general in-
formation about the objects (such as object data base) and a large amount of raw
data directly obtained from the objects (such as a point cloud, object surface color
and texture). Because the algorithmic method for this object reconstruction utilizing
all these information and raw data will not be available in the near future, this chap-
ter concentrates only on semi-automatic object reconstruction from a point cloud.
Of course, in comparison with the methods that are currently available, the object
reconstruction presented in this chapter possesses a number of advanced algorithmic
features, e.g. accuracy, flexibility, and degree of automation.

The accurate estimation of object model parameters from a point cloud is a
substantial element of object reconstruction. The ODF algorithms described in the
previous chapters play a fundamental role in object reconstruction because they es-
timate the model parameters in terms of form, position and rotation parameters by
minimizing the square sum of the geometric error distances. Describing the ODF
algorithms in the previous chapters, the data points are supposed to have been ob-
tained from a single object. However, with many applications, the number and the
type of object model features contained in a point cloud are generally unknown.
Thus, object recognition - including object detection and identification - is an es-
sential element of object reconstruction. Whilst fully automatic object recognition
in a point cloud may only be possible by analyzing all the available information
mentioned above, a semi-automatic procedure is presented in this chapter for ob-
ject recognition in a point cloud, which requires minimal human operator assistance
[11].

Given the initial type of model feature, the procedure is triggered by picking one
or two seed points in the point cloud. Then, the potential membership points of the
model feature are collected and outliers are eliminated. Finally, the model feature is
fitted to the cleaned set of points (inliers). If necessary, the model type is updated
and the procedure is repeated from the point-collecting step until the given break
condition is satisfied. Two examples of object recognition in a point cloud taken
from real objects are given in this chapter.
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5.1 Applications of Object Reconstruction

Object reconstruction has been eagerly pursued in computer/machine vision with
the aim of providing a computing machine with the ability (comparable with that
of human intelligence) of seeing and understanding the real geometric environment.
Although the goal is still far away, current results from research efforts to reach this
objective can be used for a variety of applications in and out of computer/machine
vision. Whilst computer vision is more interested in the semantic interpretation of
a real environment, machine vision is application-oriented towards the generation
of the necessary information for controlling processes and systems in an industrial
environment.

Object reconstruction also finds applications in coordinate metrology, reverse
engineering, and CAD/CAM where engineering workpieces need to be measured
then represented by their model parameters. Compared with computer/machine vi-
sion, these application fields demand a relatively highly accurate determination of
object model parameters. Once the workpieces have been represented by their model
parameters, they can be modified and combined together in a virtual environment
in the computer. The reconstructed computational model is used for designing and
machining of new workpieces.

As efficient and high-throughput optical 3-D measuring devices are available,
the digital documentation of the engineering environment, e.g. a whole factory or
engineering plant, is emerging as a new application of object reconstruction. Current
optical 3-D measuring devices such as laser radar are capable of measuring millions
of dense 3-D points in a few seconds. The engineering environment reconstructed
from the point cloud obtained is used for various applications, e.g. digital factory,
factory planning and facility maintenance. Considering the ever-increasing number
of objects and data points to be processed, the computational efficiency, flexibility
and user interface of the data processing software are of major importance to the
digital documentation of an engineering environment.

The digital documentation of technical drawings would be an interesting ap-
plication of object reconstruction. A technical drawing contains numbers of lines
and curves which are generally supposed to have been constrained by geometric
interrelations such as continuity, relative angle, position and size. The ODF with
geometric constraints (Sect. 2.3.3) is a powerful tool for digitally documenting of
technical drawings.

Object reconstruction also plays an important role in medical imaging, an
emerging application field of image processing and pattern recognition. Informa-
tion extraction and interpretation, including the procedures of image segmentation
and model fitting in 2-D/3-D medical images taken by computer tomography or
magnetic resonance technology, are essential elements in the visualization and di-
agnostics of human body and organs.
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5.2 Semi-automatic Object Recognition

For object recognition in a point cloud, an effective search (segmentation) method
first has to be found for the measurement points potentially belonging to the target
model feature. Also, outliers need to be detected and excluded from model fitting
because they distort results. In reality, segmentation and outlier elimination are the
most tedious and time-consuming procedures of object reconstruction. Once the
point cloud has been segmented and outliers eliminated, the model fitting follows.
By analyzing the results of model fitting as described in Sect. 1.1.3 and Sect. 2.3.4,
the reliability of the estimated model parameters can be tested.

The ODF algorithms described in the previous chapters possess highly advan-
tageous algorithmic features for segmentation, outlier detection and model fitting
in a point cloud. Such features include geometric error definition and parameter
grouping in terms of form, position and rotation. The geometric (shortest) distance
between the model feature and a measurement point is indisputably the best error
measure for determining whether the point is an inlier point of model feature, be-
cause a measurement point is the probable observation of the nearest object point
from the measurement point. And, as will be shown in the following sections, pa-
rameter grouping makes possible an efficient segmentation of a point cloud.

We propose a semi-automatic object recognition procedure ‘Click & Clear’
(Fig. 5.1 [11]). This is an interactive procedure between segmentation, outlier elimi-
nation and model fitting, in which the ODF algorithms and the properties of implicit
features play an important role. The target model feature can be refined according
to the model selection criteria discussed in Sect. 1.1.3. Once an object has been
successfully recognized, its membership points are eliminated from the point cloud.
The procedure is repeated until no more object structure is visible in the point cloud.
The proposed procedure is minimally assisted by a human operator and consider-
ably enhances the current practice of object reconstruction in real applications.

For an accurate model fitting, the ODF algorithms for implicit features described
in Chap. 3 are applied. Also, to achieve a high automation degree of the overall
procedures of the segmentation and outlier elimination in point cloud, the properties
of implicit features are utilized. The properties of the applied fitting algorithms and
of implicit features [11] are summarized as follows:

Model
fitting

_ | Segmentation &
A | outlier elimination

Click seed | | Clear inlier
point points

Addto | no
object list |

)

Fig. 5.1. Object recognition scheme ‘Click & Clear’ in a point cloud
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e The ODF algorithms possess the following algorithmic features:
— Geometric (Euclidean) definition of the error distance
— Parameter grouping in terms of form, position, and rotation
— Low implementation cost for a new model feature
— The computing time and memory space usage are proportional to the number

of data points

— Automatic determination of the initial values for model parameters
— Provision of the parameter covariance matrix
— Allowance of parameter constraints, e.g. regarding the size, shape, position and

orientation of model features.

e The mathematical model description in implicit form F(a, X) = 0 has the fol-
lowing useful properties:
— Simple on-off and inside-outside decision
— Links up multiple object patches with/without overlap
— Suitable for representing unordered sets of points with an uneven point density
— The iso-feature F(a, X) — const = 0 represents an approximate equidistance

(offset) model feature to the implicit feature F(a, X) = 0.

5.2.1 Segmentation, Outlier Elimination, and Model Fitting

Utilizing the algorithmic features listed in the last subsection, the following interac-
tive procedure between segmentation, outlier elimination and model fitting in point
cloud (Fig. 5.1) was used. The procedure starts by picking one or two seed points in
a point cloud and choosing a low-level model type [9], [11]. Ifnecessary, the model
type can be updated, e.g. from a sphere to an ellipsoid and vice versa during the
model refining cycles in Fig. 5.1.

L

2.
3.

From the point list, clear the measurement points that belong to the known
objects such as the measuring stage or already-detected and identified objects.
Pick the seed point and select a low-level model type, e.g. a sphere.

Initialize the model parameters through a model fitting to a small patch of the
point cloud around the seed point. Also initialize the safety margin ¢ of the point
searching domain volume to be used in the next step, e.g. to = r/2 fora sphere.

. For the current model feature, determine the shortest error distances d; of

each measurement point lying inside the domain volume (see the next sec-
tion for a detailed description) and evaluate the rms error distance Gerror =

1/ % Z:’;l d?, where m is the number of measurement points lying inside the
domain volume.

. Determine the inlier set of measurement points lying inside the domain volume

and having error distances of d; < Qghreshold * Terror> Where Gighreshold 1S the
outlier threshold factor (2.0 < @ghreshold < 3.0 works well). Optionally, if
there is no change in the inlier set, terminate the procedure.

. Fit the model feature to the inlier set and save the resultant rms error distance

Ofit.error- If Ofit_error 1S SMaller than the given error size concerning the accuracy
of the measuring device used, terminate the procedure.
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7. Update the safety margin ¢ ¢« OQjgrowing * Othreshold * Tfit_error Of the domain
volume, where Qigrowing is the domain growing factor (1.0 < ogrowing < 1.2
works well).

8. If necessary, according to the model selection criteria described in Sect. 1.1.3,
change the model type, e.g. from a sphere to an ellipsoid and vice versa.

9. Repeat from the fourth step onwards.

5.2.2 Domain Volume for Measurement Points

In order not only to exclude the outliers from model fitting but also to avoid un-
necessary determination of the minimum distance points in the fourth step of the
procedure described in the last subsection, a two-step domain volume criterion was
applied (Fig. 5.2 [11]). Note that the determination of the minimum distance points
is the time-consuming element in the overall procedure. Also, outlier elimination is
carried out by analyzing the statistical distribution of the minimum distances. The
two-step criterion is described in detail as follows.

First, the domain of the measurement points is restricted within a box with a
safety margin £ and containing the interesting portion of the standard model fea-
ture f(ag,x) = 0 (1.1)defined in xyz frame. For example, the domain box of an
ellipsoid with axis-lengths a, b, ¢ can be defined as follows:

|z <a+t, lyl <b+t, and |z| <c+t.

With the domain box criterion, the potential measurement points of the target object
can be screened from a large set of measurement points at a minimal computing cost
(for each measurement point, only a few multiplications are required for coordinate
transformation x = R{X — X,) (1.3)).

Next, from the measurement points lying inside the domain box, the minimum
distance point is finally determined, if the measurement point also lies between two
iso-features f(ag,x) — const = 0 with constizner < 0 and constouter > 0, respec-
tively. In particular, for an ellipsoid, the following are used:

| f@,0=x"/a*+y' [ -1| YA

Y

Pomain box

.)((agax)_f(agvx'm)=0 f(agsx)='0 f{ag-x)_f{ag!xwt}go

Fig. 5.2. Example of the domain area (shaded with half tone) for an ellipse witha > b
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constinner = f{ag, Xinner) with
(max(a/2, a —t), 0, 0)T :a=min(a,b,c)
Xinner = { (0, max(b/2, b—t), 0)T  : b= min(a,b,c)
(0, 0, max(c/2, c—t))T :e¢=min(a,b,c),

and
ConStouter = f(ag; xouter) Wlth
(a+t 0,07 :a=min(a,b,c)
Xouter = $ (0, b+¢, 0)T  :b=min(a,b,c)
(0,0, c+t)T :c=min(a,b,c).

The above two-step criterion which defines the domain volume at a low com-
puting cost by utilizing parameter grouping in terms of form, position and rotation,
makes possible a simple and inexpensive search for the measurement point candi-
dates which potentially belong to the model feature. The time-consuming determi-
nation of the minimum distance points is carried out only for the measurement point
candidates lying inside the domain volume.

5.3 Experimental Results with Real 3-D Measurement Points

5.3.1 3-D Point Cloud from Stripe Projection Method

In order to show how the ODF algorithms and the procedure ‘Click & Clear’ (Fig.
5.1) perform using real data, a sphere and an ellipsoid are fitted to the same set of
measurement points of a sphere-like object surface (Fig. 5.3a). By comparing the
results from the sphere and the ellipsoid fitting, the correct model feature for the
measured object surface can be selected (model selection).

The set of points is acquired using our stripe projecting 3-D measurement sys-
tem using the Gray code [41] with the Coded Light Approach (CLA) [13], [80]. The
measuring system consists of a standard CCD camera and an LCD stripe projector
of ABW [54] and is calibrated by photogrammetric bundle adjustment [57]. In order
to automate the calibration procedure as far as possible, our patented circular coded
targets are used [4], [S], [7]. Our 3-D measurement software determines the coor-
dinates of the object surface points along the stripe edges (Fig. 5.3b). The number
of the measured surface points is about 29 400; every eighth point (subtotal 3675
points) is used for the sphere and the ellipsoid fitting in this section (Fig. 5.4). In the
first step of the procedure described in Sect. 5.2.1,256 of 3675 measurement points
were detected and removed from the point list as they belonged to the measuring
stage (Z = 0).

With the ellipsoid fitting, the parameter constraints of w = 0 and ¢ = 0 with
a weighting value of w, = 1.0 - 108 (see Sect. 2.3.3) were applied as the object
surface seemed to be the top face of an ellipsoid lying horizontally. The computing
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(a) (b)
Fig. 5.3. Sphere-like object surface:

Parameter

RMS Err. Dist. Guvee , Num. Outl. Nowser

L) B0 100
Iteration number

(d)

Fig. 5.4. Results of model fitting to the point cloud (3419 = 3675 — 256 points) from
Fig. 5.3b. Distance error bars are elongated ten times: (a) Sphere fit without and; (b) with
outlier elimination; (c) Ellipsoid fit with outlier elimination, under the constraints of w = 0
and ¢ = 0; (d) Convergence of the fit with outlier elimination. Iteration number 0-51: 17
rounds of sphere fitting and, 52-162: 26 rounds of ellipsoid fitting. The initial sphere param-
eters are taken from the mass center and the rms central distance of the data points. After the
first round of the sphere fitting, the initial number of the outliers (including the out-of-domain
points) Noutiier = 2515 is reduced to 177 and, thereafter, increased
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Table 5.1. Results of the coordinate-based orthogonal distance fitting to the point cloud of
Fig. 5.4b (sphere fitting) and Fig. 5.4¢ (ellipsoid fitting)

Parameter &  Oerror [mm] a [mm] b [mm)] c[mm] X, [mm]
Sphere 0.0596 97.7622 — — 0.7201

(&) — 0.0306 — — 0.0051
Ellipsoid 0.0309 88.2968 90.1912  78.8084 0.7280
o(a) e 0.2775 0.2936 0.5385 0.0030
Parameter 4 Yo [mm] Zo [mm] w [rad] i [rad] K [rad]
Sphere —6.8813 —66.7420 —_ st ==
o(a) 0.0069 0.0321 — — —
Ellipsoid —6.8170  —47.8462 0.0000  —0.0000 0.3254
o(a) 0.0042 0.5377 0.0000 0.0000 0.0050

Table 5.2. Correlation coefficients of the sphere parameters in Table 5.1

Cor(4a) a Xo Yo 2y
a 1.00
Xo 0.15 1.00
Yo —0.03 —-0.35 1.00
Zo —1.00 —0.14 0.03 1.00

Table 5.3. Correlation coefficients of the ellipsoid parameters in Table 5.1

Cor(4) a b c X, Yo Z w P K

a 1.00
b 1.00 1.00
c 1.00 1.00 1.00
Xo —0.06 —-0.07 —-0.07 1.00
Yo —-0.06 —0.04 -005 -—-0.39 1.00
Zo —=1.00 —-1.00 —1.00 0.07 0.05 1.00
w =000 -0.00 —-0.00 0.00 —-0.00 000 100
% 0.00 0.00 000 0.00 -0.00 —-0.00 —-0.00 1.00
K 012 012 011 009 -0.09 —-0.11 -0.00 0.00 1.00

time with a Pentium IIT 866 MHz PC was a total of 7.8 s for 17 rounds of sphere
fitting with a final parameter update size of ||Aal| = 3.7 - 1077 and a total of
94.1 s for 26 rounds of ellipsoid fitting with ||Aal| = 6.5 - 10~7. The number of
outliers (including the out-of-domain points) was 727 for gerror = 0.0596 mm and
1005 for gerror = 0.0309 mm with the sphere and the ellipsoid fitting, respectively
(Fig. 5.4d).

If Fig. 5.4b and Fig. 5.4c are compared, an ellipsoid appears to be a better model
feature than a sphere for the measured object surface. However, a look at Table 5.1
and Table 5.3 reveals the relatively large variances and perfect correlations (i.e.
+1.0) of the axis-lengths of the estimated ellipsoid which indicate an overparame-
terization. From this fact, a sphere could be considered rather as the correct model
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feature for the measured object surface. Note the perfect anti-correlation (i.e. —1.0)
between the position parameter Z, and the sphere radius a (also the axis-length ¢ of
the ellipsoid, Table 5.2 and Table 5.3) which is caused by the one-sided distribution
of the data points on the top face of the sphere/ellipsoid. On the other hand, there
is no correlation between the first two rotation parameters (w and ¢) and the other
parameters of the ellipsoid, which is conditioned by the parameter constraints of
w=0andp =0.

5.3.2 3-D Point Cloud from Laser Radar

To show another application example of the procedure ‘Click & Clear’, a point cloud
of about 18 300 points with multiple objects (Fig. 5.5) taken by laser radar [43] is
segmented and recognized. Strategically, in order to reduce the overall computing
and user working cost, the recognition of simple model features, e.g. a plane and
sphere, is to precede the recognition of complex model features. Especially plane
recognition is computationally inexpensive (plane fitting is a non-iterative proce-
dure) and generally removes a large portion of the point cloud in the early phase of
the overall procedure (Fig. 5.6a and Fig. 5.6b). Consequently, the overall comput-
ing cost of the succeeding procedures for the recognition of complex objects can be
reduced. The initial parameter values, which are provided from a model fitting to a
small but well-conditioned patch of the point cloud around the seed point, generally
guarantee stable and robust object recognition. Even when the initial parameter val-
ues are falsified (Fig. 5.6a and Fig. 5.6c), the proposed procedure described in Sect.
5.2.1 leads object recognition to the correct result (Fig. 5.6b and Fig. 5.6d).

Laser ﬁ,
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Fig. 5.5. Point cloud (about 18 300 points) taken by laser radar [43]
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Fig. 5.6. Results of object recognition (segmentation, outlier elimination and model fitting)
in the point cloud shown in Fig. 5.5. Distance error bars are elongated four times: (a), (c),
and (e) Initial states of the single model fittings; (b), (d), and (f) Segmented point clusters
and the fitting results; (a) and (b) Plane recognition; (c) and (d) Sphere recognition; (e) and
(f) Cylinder recognition. The membership points are cleared from the point cloud after each
successful model recognition
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6.1 Summary

Orthogonal distance fitting (ODF) estimates the parameters of a model feature by
minimizing the square sum of the shortest distances (geometric distances) between
the model feature and the given points. Due to the applied error measure, the ODF
is a substantial mathematical tool for many scientific and engineering disciplines in
which coordinate data and dimensional models are processed. The ODF algorithms
are of vital importance to coordinate metrology which aims to accurately estimate
the model parameters of measurement objects from their measurement points. The
recently ratified ISO 10360-6 for testing the data processing softwares for coordi-
nate metrology prescribes the geometric distance as the error measure to be mini-
mized. In addition, with the segmentation and outlier elimination in a point cloud,
the geometric distance is the best error measure for discriminating between the inlier
and the outlier points of a model feature. Moreover, demands made on 3-D measure-
ment techniques and the data volumes to be processed are rapidly increasing with
the progress of science and engineering in the age of computer technology. Ad-
vanced optical 3-D measuring devices such as laser radar can generate millions of
dense 3-D points within a few seconds. For this reason, the development of efficient
and flexible ODF algorithms for processing of coordinate data has been eagerly pur-
sued in the last decade. The ODF problem is a nonlinear minimization problem and
has been widely recognized as being analytically and computationally difficult.

In this work, the ODF problem has been tackled in a well-structured and easily
understandable manner. First, the square sum of the geometric error distances was
concisely formulated into two cost functions (2.20) and (2.21). Then, two appropri-
ate numerical methods were proposed, the distance-based algorithm (2.28) and the
coordinate-basedalgorithm (2.32) for minimizing the two cost functions (2.20) and
(2.21), respectively. There are also two strategies for minimizing the cost functions
by iteration, the fotal method and the variable-separation method. From these two
numerical methods and two minimization strategies, the following three realistic
algorithmic approaches for solving the nonlinear ODF problem by iteration were
identified:

e Algorithm I: combination of the coordinate-based algorithm with the total method
e Algorithm II: combination of the distance-based algorithm with the variable-
separation method
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o Algorithm III: combination of the coordinate-based algorithm with the variable-
separation method.

As the general implementations of the Algorithms I-III can be applied to a wide
range of model feature types, five ODF algorithms were described in detail for im-
plicit (Chap. 3) and parametric (Chap. 4) curves/surfaces in 2-D/3-D space. For
each of the five ODF algorithms, the model parameters a are grouped and simulta-
neously estimated in terms of form ag,position ap, and rotation parameters a,, thus
providing applications with highly advantageous algorithmic features. From the re-
sulting parameter covariance matrix, useful information can be extracted for testing
the reliability of the estimated model parameters. With the exception of Algorithm
I for parametric features, the other four algorithms, the Algorithms II and III for
implicit and parametric features, have been newly developed in the scope of this
work.

Note that the linear equation systems (2.28) and (2.32) for Algorithms II and
I, respectively, are constructed without yet assuming the type of the model fea-
ture to be fitted. Thus, given the set of points {X;} , and initial parameter values
ay, the numerical content of (2.28) and (2.32) is the same between the implicit and
the parametric forms of a model feature if the two model forms are characterized
by the same set of parameters a (e.g., a sphere can be described in both implicit
and parametric forms with a = (r, X,, Y5, Z,)T). Consequently, except for the nu-
merical inaccuracies caused by the limited machine accuracy of the computer used,
between the implicit and the parametric features there would be no difference of
the convergence behavior and intermediate results of the outer iteration cycles using
the Algorithms II (2.28) and III (2.32). This fact was of considerable assistance in
developing and testing the four new ODF algorithms.

Once all the formulas for the four algorithms had been presumably correctly
derived and coded into the program source, it was possible to mutually check the
correctness of the whole work between implicit and parametric features. The nu-
merical content of (2.28) or (2.32) were compared for some typical model features
such as an ellipsoid possessing form, position, and three rotation parameters and
described in both implicit and parametric form. If any misconception or fault has
occurred in the mathematical formulations and program-coding task, the numeri-
cal content of (2.28) or (2.32) between implicit and parametric features is different.
Once the algorithmic structures of the four ODF algorithms have been correctly
implemented and stabilized, their extension to other model features is trivial. As a
result, only the FHG (3.21) or the XHG matrix (4.25) ofthe standard model features
(1.1) or (1.2) needs to be derived, respectively. The algorithmic features of the four
new ODF algorithms can be summarized as follows:

e Estimation of the model parameters minimizing the square sum of the shortest
distances between the model feature and the given points

e Generally applicable to implicit and parametric curves/surfaces defined in 2-D or
3-D space
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¢ Algorithms IT and I for implicit features (2-D curve and surface) are numerically
compatible with those for parametric features, respectively

e Estimation of the model parameters in terms of form, position, and rotation pa-
rameters

e Solving of the ODF problems with additional constraints

e Provision of parameter testing possibilities

e Robust and fast convergence, except for the parametric 3-D curve fitting using
Algorithm II

e Computing cost and memory space usage are proportional to the number of data
points

e Automatic provision of the initial parameter values for iteration

¢ Low implementation cost for a new model feature.

The software tool developed by us for coordinate metrology based on the new
ODF algorithms has successfully passed the software testing procedures carried out
by the German federal authority PTB and has obtained the supreme grade of soft-
ware accuracy (higher than 0.1 ym for length unit and higher than 0.1 urad for
angle unit for all parameters of all test model features with all test data sets). The
stand-alone run-time program has a total size of approximately 200 kB including
all the necessary implementations for more than 20 implicit and parametric curves
and surfaces in 2-D/3-D space. The object reconstruction from real 3-D measure-
ment points taken by the stripe projection method and laser radar was used as an
application example of the new ODF algorithms.

6.2 Future Work

This work terminates by proposing future work for enhancing the performance and
for extending the application fields of the new ODF algorithms described.

Minimization with the L;- and L.-norms. The least-squares curves/surfaces
fitting to a set of given points in 2-D/3-D space can be generalized by introducing
the L,-norm cost function below:

(08)% £ [Z (wiHXi—X;(a)H)p] with 1<p<.

i=1

The error distance between the two points X} and X; inside the above L,-norm cost
function is computed according to the Lo-norm (Euclidean norm) below:

1% — X)) = /(Xi - X)T(X; — X))
= [(Xi— XD+ (Y~ Y/ + (2 - Z)) F .
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The following three ODF problems are of particular interest for applications.

¢ ODF problem with the L;-norm cost function:

m
i i oK@ = min Y (s in 15X~ X))

e ODF problem with the La-norm cost function:

m 2
min min OO @) = min (1 gpin s — X))

i=1

¢ ODF problem with the L,-norm cost function:

. . . p I' m lp
pll)n(}o min {X,Iil,}}l s [od({Xi(a) 2]

iti=1
1
m pl»
1 . . : - /
— Jim min [Z (co i 1, - X)) }

f=

= min max {w; min_ | X; —X;(a)l| K2, -

Independent of the applied Lp-norms, the procedures for finding the minimum dis-
tance points {X/}7, on the model feature S from each given point {X;}7%; (see
Sect. 3.1 and Sect. 4.1) are common to all of the above ODF problems.

This work has dealt with the standard Ls-norm cost functions ag as shown in
(2.20) and (2.21) (thus, least-squares problems). Parameter estimation using the Lj-
norm is known to be robust regarding outliers. The L,-norm is called the Tcheby-
chev norm or minmax norm and leads the ODF problem to the minimum-zone
problem which is of practical interest when determining the geometric tolerances
of workpieces. If the new ODF algorithms described in this work could be extended
to the Li- and L,-norm cost functions, they would be more powerful tools for
various industrial applications.

Parallel processing for real-time applications. The time-consuming part of the
new ODF algorithms is finding of the minimum distance points {X}}7; (inner
iteration). It was possible for us to accelerate the procedures by utilizing the mini-
mum distance points found inside the last outer iteration cycle (Sect. 3.1.4 and Sect.
4.1.4). However, the running time of a standard PC available on the current market
is still too long for real-time applications (for fitting an ellipsoid to a typical set of
approximately 1000 points, about one second is required).

Note that the minimum distance points {X}}7*, are found sequentially and in-
dependently of each other using the current implementation of these new ODF al-
gorithms. If the minimum distance points could be found in parallel by auxiliary
multi-processing hardware, the overall running time of a PC could be reduced to
well below one second with most ODF tasks arising in usual applications.
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Concurrent reconstruction of multiple objects. In Sect. 2.3.3 the reconstruction
of multiple objects from their measurement points was briefly mentioned, using
which it should be possible to satisfy certain geometric constraints on object models.
Geometric constraints include the known size, position or orientation of an object
model, or the relative sizes, positions and orientations between multiple object mod-
els. The relative geometric constraints are usually characterized by their geometric
interpretation such as parallelism, orthogonality, concentricity, continuity, tangent,
contact condition, etc. Because the model parameters a are grouped and simultane-
ously estimated by the new ODF algorithms in terms of form, position, and rotation
parameters, the mathematical formulations of the geometric constraints and their
integration into the new ODF algorithms are straightforward. This is demonstrated
by several examples of constrained model fitting given in this work (Fig. 2.3b, Sect.
3.3.2, Fig. 5.4, and [8]).

The g geometric constraints on the model parameters {a; }-; ofn object models
can be formulated as follows

Jei(a1,...,a,) —const; =0 with i=1,...,q,
or, in vector form
fo(ai,...,a,) —const = 0.

Then, for example, the linear equation system of the distance-based algorithm for
constrained model fitting (2.35) can be extended to n object models which are in-
terrelated through the g geometric constraints as below:

(P3); O\ /am (Pa);
0 @D |\ L) (Pd), ’
Wch,a1 tee Wch,an " Wc(fc(al, ) a'n.) - COHSt)
6.1)
where
afcl
Bai
Jea, = : with i=1,...,n.
Ofcq
Bai

Both implicit and parametric features may be embedded in (6.1) according to the
distance-based algorithm (2.35) or the coordinate-based algorithm (2.36) in an arbi-
trary combination. Also, (6.1) is capable of integrating multiple point cloud patches
taken from the same set of measurement objects but with different viewing angles.
If the ultimate goal is to automatically reconstruct multiple unknown objects in
a point cloud, much work needs to be done in the future. Even once the point cloud
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has been semi-automatically segmented and associated with the object models (see
Fig. 5.6), the automatic determination of the number and type of appropriate geo-
metric constraints between the object models is a challenging task. In particular, the
detection and elimination of the contradictory constraints is essential to a success-
ful reconstruction of multiple objects. Otherwise, (6.1) is ill-conditioned and the
iteration with (6.1) will consequently not converge.

As it will not be possible to develop an algorithmic technique for fully automatic
reconstruction of multiple objects in the near future, a semi-automatic solution is en-
couraged where the computer and human operator work interactively. Section 5.3
described semi-automatic object reconstruction without considering the geometric
interrelations between the object models. The semi-automatic reconstruction of mul-
tiple objects with geometric interrelations is being pursued in our current research
work.

Automatic object recognition and reconstruction by integrating the point re-
flectance image into the point cloud. Recently, as an updated version of the semi-
automatic software tool presented in Chap. 5, we have developed a software tool
for fully automatic segmentation and parameter estimation of exact features (plane,
sphere, cylinder, cone and torus) in point cloud (see Fig. 6.1) and, integrated the
software tool in a commercial software package for reverse engineering [55]. On
the other hand, it may only be possible to realize a folly automatic recognition and
reconstruction of multiple interrelated objects - which is comparable to the ability of
human intelligence - through the use of highly sophisticated hardware and software
techniques capable of analyzing all available information such as point cloud, ob-
ject database, CAD information, object surface color and texture, etc. Certainly, all
the necessary technical and theoretical tools will not be available in the near future.
Nevertheless, the aim to increase the degree of automation of object recognition and
reconstruction is ever-present.

Generally, an optical 3-D measuring device supplies not only a point cloud but
also the surface image of an object (e.g., the point reflectance image using laser
radar or the gray value image using the stripe projection method). The object sur-
face image is usually taken from the same viewing (measuring) angle as that with
the point cloud (range image), hence it provides each measurement point with the
corresponding intensity value of the object surface point (or, vice versa, the point
cloud provides each pixel of the object surface image with the corresponding coor-
dinate values of the object surface point).

The point cloud and object surface image are complementary from the viewpoint
of information processing. The point cloud contains the coordinate information of
each object point but not sufficient information about the object connectivity or
boundary. Such a balance of information is reversed within the object surface image.
Thus, whilst segmentation in a point cloud is a difficult and time-consuming task, a
variety of automatic and efficient techniques for image segmentation are currently
available as described in literature. Integrated processing of an object surface image
and point cloud will considerably increase the degree of automation of the overall
object recognition and reconstruction procedures.
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Fig. 6.1. Fully automatic segmentation and parameter estimation of exact features in point
cloud: (a) Point cloud (about 68 600 points); (b) Detected exact features
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A. Implementation Examples

In this work, the ODF algorithms are described generally for implicit and paramet-
ric curves/surfaces. In practice, they are implemented in a highly modular manner.
The algorithms are applicable for fitting a general curve/surface to a set of given
data points in 2-D/3-D space. To implement them for a new curve/surface, the user
merely needs to supply the FHG matrix (3.21) or XHG matrix (4.25) of the stan-
dard model feature (1.1) or (1.2), respectively (see Sect. B.2). Nevertheless, in order
to assist the interested reader in realizing his/her own implementation, two exam-
ples of how some key intermediate equations really look like with the ODF of im-
plicit/parametric ellipse are given below.

A.1 Implicit 2-D Ellipse (Chap. 3)

Parameters of an ellipse in XY-plane (p =1+ n+s=2+2+1=5, ¢=0):
a2 (a,bX,,Yo,x)T.

Standard feature equation (1.1) defined in xy frame:

1 (z? 92
f(aybax)éﬁ(ﬁ‘{‘b?—l)zo

Rigid body motion (1.3) of the model in XY frame:

(i’() - (g _c:g) (§> + (’f,) with Ci = cos(x) , Sx = sin(x) .

FHG matrix (3.21):
—22/a® —y?/b?
Vf= ‘”/“2), H:(l/“2 0), G={-20/a* 0 |.
f (y/b2 0 1/b2 Cg/a ——2y/b3

Minimum distance condition (3.5):

s 2/2+ 2/b2—1/2 -
f(av b,xi, %) = ((yl(f- y;l.’l:/azy—‘ (5171. - :Z)y/bz) =0
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Linear equation system (3.6) of the generalized Newton method:

(20 o) (67 o)+ G 7)) (55) -
(@)
(6 e o) -

Linear equation system (3.9) of the method of Lagrangian multipliers:
2+ X/a? 0 z/a?\ [Az 2(z; — x) — Az /a?
0 24+ A/ Y/ | Ay ]| = 2(y; —y) — My /b? .
z/a? y/b? 0 iy —(z2/a® +y2 /0% — 1) /2
Jacobian matrix Jg,.a (3.17) for the distance-based algorithm:
i = (-giai’/a® —gu*/6® 0 0 0)
_L(X-X)\T(0 0 1 0 —(¥/-Y)
d; \Y.-Y/ 0001 X-X )/’
with

g, — S (@ —2i)ai/a® + (v: — viui/V?)
V(@] /a%)? + (y]/b?)?

Jacobian matrix Jx/,a (3.19) for the coordinate-based algorithm:

Jxr a=— Cr ~5x ﬁ B Qg_?ﬁ_*_?f
X8 Sk Cg Ox dx; Oa ' Oa
0
1

—w’
=X;

L0010 (1Y)
0001 X -X )
with
o (0 0 /a2 0 + z/a® y/b?
0x \yi—-y —(zi—1) 0 1/82 y/b2 —z/a?) >’
o (0 0 o (00 —Cx —Se s
ox; \~y/b* z/a®)’ BHa \0 0 S. -C. -z’

—z%/a® —y2/6° 0 0 0
ﬁz(l 0 0 ) —2¢/a® 0 0 0 O).
0 —2y/6> 0 0 0



A.2 Parametric 3-D Ellipse (Chap. 4)

A.2 Parametric 3-D Ellipse (Chap. 4)

Parameters ofa 3-D ellipse (p =l +n+s=2+3+3=8, ¢=10):
as (a,b, Xo,Yo, Zo,w, ¢, N)T .
Standard feature description (1.2) defined in xyz frame:

acosu
bsinu with —r<u<n"T.
0

x(a,b,u) £

Rigid body motion (1.3) of the model in XYZ frame:

X x X,
Y)=Ri,clv]+|%].
Z z Zo

XHG matrix (4.25):
ox —asinu —@ COS U
s beosu | , H=| —bsinu | ,
u 0 0
cosu 0 —sinu 0
Gy = 0 sinu | , G = 0 CcoS U
0 0 0 0

Minimum distance condition (4.5):

T .
T; — acosu —asiny
f(xi,x(a,b,u)) 2 — | y; — bsinu becosu | =0.
2 0

Linear equation system (4.6):

. T . T
—asinu —asinu T; — GCOSU —a cos U
bcosu bcosu | — { yi — bsinu —bsinu Ay =
0 0 2 0

T .
T; — G COSU —asinu
yi —bsinu beosu
23 0

103
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Jacobian matrix Jx: p (4.15) for Algorithm I (ETH):
b = (a‘awaOaYo’ZOaw"p) Ky U1y aum)T .

ox
0y, ,Oi—l,RT%,OiH,'“ ,0m>

ORT
ng,b = (RTGO Pa [X]

COS U; 0
=|RT 0 sin u;
0 0

ART [@cOsUs SRT [acosus HRT [acosu:
. bsinu; |, 7 bsinu; |, B bsinu;,
w 0 ¥ 0 K 0

—asinu;
0y,---,0;,_1,RT | beosu; |,0i01,--+,0m | .

I

U=U;

0
Jacobian matrix Jg, » (4.22) for Algorithm II (FhG):

X=X (g ORT
Jaio = — X = X/] R'Go | 1 Oa, (] -
enT cosu; 0 100
=_(X1—Xi,) rT[ o sinu; ] {0 1 0
X — X 0 0 001

SRT [@cos u] SRT [@cos u) SRT [acos u}
—— | bsinu; |, —— | bsinu} | , —— | bsinu; )
Ow 0 Oy 0 Ok 0
with

a cos U
X, =RT | bsinu! | + X, .
0

Jacobian matrix Jx;,a (4.23) for Algorithm III (FhG):

—asinu] -1

of of ox;  Of
—_RT '
Ix;a (bc%suz) (6u) (axi a 6a)

cosu, 0
+ [ RT 0 sinu;
0 0

0
0
0
1
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af —asinu T —asinu i —acosu —a Ccosu
By bcosu bcosu | — —bsmu bsmu ,
u 0 0
. T
—asinu 0 0
O _ | beosu | , |0 o Rx-x),
ox; 0 Da 0 0 Bar

af —asinu T Z; —aCcosu T
Pa = bcosu Go— | yi —bsinu G, | oF 0T
a 0 2

with

-R
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B. CMM Software Tools Fulfilling ISO 10360-6

The international standard ISO 10360-6 for testing the data processing softwares
for coordinate metrology is outlined in Sect. 1.2.4. This appendix provides detailed
information for implementing the general ODF algorithms on the nine test model
features defined in ISO 10360-6. Our software tool has successfully passed the test-
ing procedures carried out by the German federal authority PTB and has obtained
the supreme grade of software accuracy. Section B.1 reviews the geometric defini-
tion (parameterization) of the nine model features in space and Sect. B.2 gives the
detailed formulas necessary for implementing the ODF algorithms.

B.1 Curves and Surfaces Defined in ISO 10360-6

In order to reduce manufacturing cost, products are extensively designed using sim-
ple geometric elements such as lines, planes, circles, cylinders, etc. because the
form and motion of manufacturing tools are usually composed of linear or circu-
lar elements. The nine model features listed in Table B.1 are the most common
geometric elements found in an engineering environment, particularly as far as me-
chanical functional workpieces are concerned. The applied parameterization of the
nine model features, i.e. the choice of model parameters that geometrically define
the model feature in space, has been carefully examined within the scope of the
international research activities for establishing ISO 10360-6 and is accepted as
the best parameterization from the viewpoint of coordinate metrology [14], [60].
In the following sections, the basic ideas put into the applied parameterization are
reviewed, which would be also helpful for parameterizing other model features and
for practicing coordinate metrology.

B.1.1 Competent Parameterization

With curve/surface (model) fitting, an initial work step is to mathematically describe
the model feature with unknown model parameters. Section 1.1.1 compares the dif-
ferent forms of the mathematical description of curves/surfaces, i.e., explicit, im-
plicit, and parametric form. With the ODF algorithms presented in this work, there
is practically no difference in results of model fitting between using the implicit
form and using the parametric form, provided the model feature can be described in
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Table B.1. Curves and surfaces defined in ISO 10360-6 [60]

Model Parameter
ode 5 g
feature | Position | Orien- | Size | Angle Description
(mm) tation | (mm) | (rad)
Tine Xo,Yo — — — | MC of the data set
(2-D) — a,b - — | DC of the line
Line | Xo:Yo, %0 — — — MC of the data set
(3-D) = a,b,c — — | DC of the line
Xo,Y0,Zo FE it e MC of the data set
Plane
—_ a,b,c - — DC of the normal to the plane
Circle | Xo-Yo = — | — | Center of the circle
(2-D) — — T e Radius of the circle
Xo, Yo, Zo — —_ — | Center of the circle
Circle . % o o DC of the normal to the plane con-
(3-D) e taining the circle
= == i e Radius of the circle
il Xo, Yo, 2o — — — | Center of the sphere
R — — r — Radius of the sphere
3 e . . . Point on the axis of the cylinder
Cuiin T closest to the MC of the data set
ger — a,b,c — — DC of the axis of the cylinder
— —— r — Radius of the cylinder
-~ —_ - Point on the axis of the cone closest
KaetorLo to the MC of the data set
DC of the axis of the cone with
—= a,b,c — — vector axis direction pointing to-
wards the apex of the cone
Coue . o # __ | Radius of the cone at X, measured
normal to the axis of the cone
Vertex angle of the cone (equal to
— — — P twice of the angle between the gen-
erator of the cone and the axis)
X, Y5, 2, s — — Center of the torus
= a,b,c — s DC of the axis of the torus
Torus Radius of the circular section of the
tube of the torus
— — r2 - Mean radius of the ring of the torus

MC: mass center, DC: direction cosines.
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both forms with the same set of parameters. More essential to an accurate and reli-
able model fitting is the choice of the set of parameters (parameterization). In this
section, the importance of competent parameterization [14] to an accurate and reli-
able model fitting is stressed by comparing the alternative ways of parameterizing a
2-D line in XY frame (Fig. B.1).

A line can be drawn by starting from a point X,, and continuing in a direction r

(lrff = 1)
X, +ur with —w<u<o0. (B.1)

The direction cosine vector r can be interpreted as the connecting vector between
the two points X, and X, + r (the selection of two points is a further possibility
of defining a line). The line direction can be represented also by a normal vector n

(Inf =1
XTn—d=0 (B.2)

with the implied starting point dn. Nevertheless, the most familiar description form
of a 2-D line is

Y=aX+b B.3)
with the line slope a and the starting point {0, b}, or,
X=Y/a+c (B.4)

with the starting point (¢, 0). Unfortunately, the line descriptions (B.3) and (B.4)
cannot represent a vertical or a horizontal line. Thus, their use in line fitting is to be
avoided in applications generating an arbitrary set of points.

The line descriptions (B.1)—(B.4) are then critically reviewed from the view-
point of coordinate metrology aiming to accurately determine object model param-
eters from a set of measurement points {X}}2;. Note that any measurement is
subject to error and that any model feature only represents the measurement object

Y=aX+b, YA
X=Y/a+c, Paramefcer
uncertamty
X™n-d=0, %
X=X, +ur, Mass center
[of=1. [el=1. (0, )
a=tank. 1 Measurement
L d point X;
X, n
e, 0) X

Fig. B.1. Mathematical description of a 2-D line
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approximately. Consequently, the model parameters, which are estimated from the
measurement points and represent the measurement object, are subject to contain
uncertainties (variances).

Section 2.1.1 demonstrates that the ODF line passes through the mass center X
of the measurement points {X;}7;

X +ur (B.5)

with the direction cosine vector r minimizing the principal centroidal moment of
{X;}™ ,. The uncertainties of the estimated line parameters X and r in (B.5) are
dependent on the propriety of the model selection and on the accuracy and distribu-
tion of {X;},, but not on the position and rotation of the set of points {X;}/2;
(i.e., invariant to coordinate transformation). On the other hand, the uncertainties of
the estimated position parameters d, b, ¢ in (B.2)~(B.4) are dependent on the coor-
dinate transformation of the set of points {X;}7 ;. For example, if the set of points
lies remote from the origin of the coordinate frame, the variances of the estimated
position parameters d, b, ¢ become unnecessarily large (i.., unreliable). Moreover,
the line parameters in (B.2)—(B.4) are strongly correlated. A variational change of
the line slope a should be compensated through an immediate change of the position
parameters b and ¢ because the ODF line is, independently on its slope, commanded
to pass through X to minimize the square sum of the distance errors (Sect. 2.1.1).

Although the line descriptions (B. 1)(B.4) apparently represent the same line as
illustrated in Fig. B. 1, the line description (B.1) with the constraint of ”Xo - )_(” =
0 is the most competent one for the purpose of line fitting to a set of measurement
points. The line parameters X and r are not correlated and their variances are in-
variant to coordinate transformation. Similar explanations can be given for the com-
petent parameterization of other model features such as a 3-D line, plane, cylinder
and cone as defined in ISO 10360-6 (Table B.1 and [14]).

B.1.2 Role of the Mass Center

In measuring practice, a measurement point X; implies that there is a real object
point. Also, the mass center X of the measurement points {X;}7.; hints at least
roughly at the position of the measurement object in space. The mass center X
can be directly calculated from {X;}7, and is the primary information about the
measurement object and should thus be fully utilized. Note that the ODF model
feature of a measurement object is required to represent the measurement points as
best as possible by minimizing the square sum of the shortest distances between the
model feature and the measurement points. This means that the measurement object
and its ODF model feature estimated from {X;}7 , are usually found near X which
is the averaging location of {X;}7,.

With line/plane fitting, the mass center X serves as the position X, of ODF
line/plane, ie. X, = X. Moreover, X is itself a membership point of the ODF
line/plane (Sect. 2.1 and Sect. B.1.1). With circle/sphere fitting, X can be used as
reasonable initial values for the center position X, of ODF circle/sphere which is to
be estimated through iteration (Sect. 2.3.5 and Sect. 3.3).
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The competent parameterization of a cylinder can be accomplished in an analo-
gous manner in the case of a 3-D line (Fig. B.1) (a cylinder is a generalization of a
3-D line with a thickness radius r (Fig. 1.3a)). A parallel motion of an ODF cylin-
der along the cylinder axis does not alter the spatial instance of the ODF cylinder
and therefore does not cause a change in the square sum of the shortest distances of
{X;}™, to the ODF cylinder. Consequently, the position X, of the ODF cylinder
can be arbitrarily placed on the cylinder axis. As far as the variances and correlations
of the estimated model parameters (Fig. B.1) are concerned, for similar reasons as
in the case of a 3-D line, the competent parameterization of a cylinder is performed
by placing X, at the closest point on the cylinder axis from X

(X, -X)Tr=0, (B.6)

where r is the direction cosine vector of the cylinder axis (Sect. 2.3.3, Sect. 3.3.2,
and Sect. B.2.7).

With cone fitting, the position X, of the ODF cone could be defined at the vertex
of cone (Sect. 3.3.2). However, the vertex position estimated from the measurement
points is generally very unreliable and strongly correlated with the vertex angle and
with the rotation parameters. For example, particularly in the case of an ODF cone
with a small vertex angle, a variational change of the vertex angle causes an imme-
diate and considerable change in the vertex position. Thus, in the same way (B.6) as
with the case of an ODF cylinder, the position X, of ODF cone is constrained to be
the closest point on the cone axis from X (Sect. 2.3.3, Sect. 3.3.2, and Sect. B.2.8).
Although this definition for X, of an ODF cone demands more skilled mathemat-
ical handling (Sect. B.2.8), it provides model compatibility between a cone and a
cylinder which simplifies model selection and supplies the initial parameter values
for the iterative cone fitting (a cylinder can be regarded as a special instance of a
cone with a zero vertex angle (Fig. 1.3a)).

In summary, the mass center X of the measurement points {X;}™; acts as a
quasi-reference point and implies that the measurement object is nearby. Through
constraining the position X, of ODF model feature just to be X (the case of a
line/plane) or the closest point on the axis of a ODF model feature from X (the
case of cylinder/cone), the unnecessary and undesirable increase in variances and
correlations of the estimated ODF model parameters can be avoided.

B.1.3 Rotation Matrix

Any linear transformation from one coordinate frame XYZ to another frame xyz
can be expressed below:

x rxx Txy Txz\ (X
Yl =|Tyx Tyy TyZ Y )
z TzX TaY TzZ VA
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or
x=RX (B.7)
with

R

ry ry rz)T,

Il

(
T
Ix TxX TxY TxZ) )

T
ry = ('I‘yx TyY 'I‘yz) y

T
l'z:("'zX TzY TzZ) .

If the two coordinate frames xyz and XYZ are rectangular (Cartesian coordinate
system) and the linear transformation (B.7) preserves lengths of vectors and angles
between vectors, the matrix R is an orthogonal matrix

R'=RT, RTR=I,
satisfying the orthogonality conditions

Py Ty =Ty Ty =T, T, =1, (B.9)
Iy Ty =Ty T, =0, Ty =0.

Then, the column vectors ry, ry, r; can be interpreted as the direction cosine vectors
of the x-, y-, z-axes of the rotated xyz frame referenced to XYZ frame. The resulting
coordinates z,y, # from (B.7) are the projections of the coordinate vector X in XYZ
frame onto the x-, y-, z-axes

T=rx X, y=ry X, z=1,-X.

In addition, if the coordinate frame xyz has a parallel motion (translation) X, refer-
enced to XYZ frame, the coordinate transformation (B.7) becomes

x=R(X-X,) o X=RXx+X,.

The nine elements {ryx, - - -, 7,7 } of the orthogonal rotation matrix R have only
three degrees of freedom due to the six constraints (B.8). This means that any arbi-
trary rotation can be described by only three parameters (rotation parameters, Euler
angles) (Euler’s rotation theorem)

R =R.R,R, .

Depending on the axes about which the rotations w, ¢, and & are carried out, there
are a variety of conventions for Euler angles. In this work, we have chosen the x-y-z
convention
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C. S¢ O\ (C, O —-S,\ (/1 0 O
R&|[-S. C. 0J[O0 1 0 0 C, S.
0 0 1/\S, 0 C,/ \0 -S, Cu

B9
CpCr  CuSk+ SuSyCr SuwSk — CuSyCr ®5)
= -CySx C.Cr — 8,555k SuCr+CuSySk]| ,

S, -5,C, CuCyp

with which the rotations w, ¢, and & are carried out sequentially about the x-, y-, z-
axes, i.e., about the moving axes. And, recovering the set of Euler angles {w, p, k}
from a given rotation matrix R is of great interest for applications

1 —Tay - T2X ~TyX
w=tan"! —2= | @ =tan"!

—_—_, k=tan ! = .
LEYA /Tix _Hﬂ}zlx rex | (B.10)

Although there is a second set of solutions {w, ¢, s} due to the duality of Euler
angles, the angle range of —w/2 < ¢ < =/2 has been selected using the positive
square root in the formula for ¢ in (B. 10). The two sets of solutions form the same
rotation matrix R according to the convention (B.9). Also, if ¢ = +m/2 given
by the zero denominator in the formula for ¢, then the formulas for w and  are
degenerative and, according to (B.9), only w -+ & or w — k can be recovered from the
given rotation matrix. In other words, provided with ¢ = %7 /2, every set {w, s}
generating the same value w + & forms the same rotation matrix R (B.9). Thus, if
we obtain ¢ = +7/2 from (B. 10), we arbitrarily put x = 0 and take

~1 Tyz
TyY

w = tan

We would like to note the applied parameterization of the rotation of a model
feature by ISO 10360-6. Not only because of the variety of conventions for Euler
angles but also because of the duality and degenerative cases of Euler angles, it is
not technically sound to compare and test the accuracy of the three Euler angles
estimated by a model fitting algorithm. Therefore, ISO 10360-6 (see Table B.1)
compares and tests the accuracy of the very facts of rotation matrix R, namely, the
direction cosine vectors Iy, I'y, I'; that represent the pose of a model feature in space.
Once the three Euler angles {w, ¢, &} of a model feature have been estimated using
an ODF algorithm, the three direction cosine vectors ry, ry, r; can be extracted from
the resulting rotation matrix R.

Finally, the definition is also given of the partial derivatives SR./0a; of the rota-
tion matrix R respectively to the Euler angles a; = (w, ¢, £)T which are often used
in this work (see Sect. 3.2.1, Sect. 3.2.2, and Sect. 4.2.1-4.2.3),

BRA(BR 8R aR)

da, \dw dp Or
oR, ., OR,. OR,
= (RNRSO e RrgiRo 3 RSORW> .
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In addition, together with [X] and [x], the following is defined

8R _. . (R, OR_ OR
aar[’q—(mx o ‘55")

and

SRT o & ORT  ORT  ORT
da, 1~ \ 6w dp ok )

B.1.4 Parameter Range

The competent parameterization discussed in the previous subsections preconditions
an accurate and reliable model fitting as far as the low variances and correlations of
the estimated model parameters are concerned. However, there are still ambiguities
in model parameters which require removal during or after the iterations (2.27) and
(2.31). For example, without altering its spatial instance, a cylinder can be given ei-
ther of the two opposing axis directions, being recognized as two different cylinders,
and vice versa. There are many similar situations with other model features which
could lead to serious problems in applications. In order to remove parameter am-
biguities, the following three criteria for conditioning the model parameter values
during or after the iterations (2.27) and (2.31) are considered. Not forgetting that,
whenever the axes of xyz frame are exchanged or inverted through any conditioning
operation listed below, the minimum distance points {x;}™, in xyz frame and their
location parameters {u}}, require refreshing (see Sect. 3.1 and Sect. 4.1).

e Preventive condition: Certain model parameters must lie within realistic param-
eter ranges. For example, the size parameters of a model feature (radius r of a
circle/sphere/cylinder, axis-lengths a, b, ¢ of an ellipsoid, etc.) must be positive.
Otherwise the model feature is imaginary or degenerative. If any updated size
parameter of a model feature is not positive as a; + aAa; < 0 during the iter-
ations (2.27) or (2.31), the step size factor « is appropriately decreased to keep
a; + ada; positive.

o Alternative condition: Certain model parameters should lie within the pre-chosen
parameter range among the multiple permitted ranges.

— Many model features such as a line/plane/cylinder/torus/3-D circle having axis
or plane symmetry can get one of the two opposing axis vectors or of the two
opposing normal vectors without altering its spatial instance. If necessary, the
axis vector or the normal vector are inverted

r; «— —Iy and Iy &Iy .

Depending on applications, they must have a positive or negative projec-
tion onto the X- or Y- or Z-axis of XYZ frame. This condition is checked

and parameter ambiguities removed during the software test procedures by
ISO 10360-6.
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— If the vertex angle ¥ of a cone (see Sect. B.2.8) is negative during or after
iterations (2.27) or (2.31), the sign of the vertex angle is inverted together with
the direction cosine vector of the cone axis

P — — and I, — —TI, and Iy &Iy .

— The rotation parameters w, ¢, and & of any model feature should lie within the
range of

0 <(w,p,k) <27 or -7 <{w,o,k) <.
If necessary, w, ¢, & are relocated
wewx2r and/or e @+2r and/or K rE2T.

— With certain model features such as an ellipse/ellipsoid, the rotation parameters
w, @, and & should lie within the range of

0<(w,p,8) <m  or —7m/2 < (w,0,8) <T/2.
If necessary, w, ¢, k are relocated
we—wxmn and/or p—@pxmw and/or Ke—nKtT.

e Relative condition: Certain size parameters should be arranged in the given order
of size. For example, the axis-lengths a and b of an ellipsoid are exchanged to
maintain the given size order ofa > bora < b

a+b and Iy &> Ty and (rx < —Tx Or Iy« —Ty).

In this way, without altering the spatial instance of the ellipsoid, any two axis-
lengths of an ellipsoid can be exchanged. This kind of operation is necessary for
identification and pose determination of an object in space.

B.2 Minimum Distance Point and FHG/XHG Matrix

To apply the general ODF algorithms described in this work to a specific model
feature, the FHG matrix (3.21) of the standard implicit feature equation f(ag,x) =
0 (1.1) or the XHG matrix (4.25) of the standard parametric feature description
x(ag,u) (1.2) of the specific model feature needs to be supplied. The following
sections detail the formulas necessary for implementing the ODF algorithms on the
nine model features defined in ISO 10360-6. Also, the closed form solution is given
for the shortest distance point on each model feature from a given point.
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B.2.1 2-D Line

A 2-D line can be described as an implicit curve in an xy-plane.

Standard feature equation (1.1):
fx)£y=0.

Parameters (p=1+n+s=0+2+1=3,g=1):
a; =, a, = (Xo,Yo) T, ar = K .

Parameter constraint (2.33):

Folap) 2 [[Xo = X|| = /(X0 — X)2 + (Yo — )2 =0.
FHG matrix (3.21):

0 0 0
=), m-(9). -s.

Minimum distance point x; from the given point x; = Rx(X; — X, ):

A 2
T 0 .
B.2.2 3-D Line

A 3-D line can be described as a parametric 3-D curve.

Standard feature description (1.2):

0
x(u)2 |0 with —ow<u< ™.
u

Parameters (p =l+n+s=0+3+2=5,¢g=1):
ag = g, ap = (X07Y'07Z0)T7 ar = (w7¢)T .

Parameter constraint (2.33):

folap) 2 [[Xo = X|| = /(Xo = X)2 + (Y — 7)2 + (20— 2)* =0.
XHG matrix (4.25):

Ox 0 0
—=1{0], H=1[0], G=0.
ou

Location parameter value u; of the minimum distance point x; from the given point
X; = Rw,(p(X,- et XO)Z

’
uiIZi.
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B.2.3 Plane

A plane can be described as an implicit surface.

Standard feature equation (1.1):

fx)2z=0.
Parameters (p =1+n+s=0+3+2=5, g=1):

a;, =9, ap = (Xo,Y6,20)7 , ar = (w, )T .

Parameter constraint (2.33):

f(ap) 2 [|Xo — X|| = /(Xo — X)2 + (Yo — )2 + (Z0 — 2)2 = 0.

FHG matrix (3.21):

0 0 0O
Vi=140], H=|0 0 0}, G=0o.
1 0 00

Minimum distance point x; from the given point x; = Ry, o(Xi — Xo):

B.2.4 2-D Circle

A 2-D circle can be described as an implicit curve in xy-plane.

Standard feature equation (1.1):
flr,x) 2 %(mz +32—r%)=0.

Parameters (p=1+n+s=14+2+0=3, ¢=0):
ag=r, ap:(Xo,Yo)T, a=9g.

FHG matrix (3.21):

o) w0 o (3).

Minimum distance point x; from the given point x; = X; — X,:

x,__ r X = r (xz>
A Vi +y? \Y¥

117
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B.2.5 3-D Circle

A 3-D circle can be described as a parametric 3-D curve.

Standard feature description (1.2):
7COS U
x(r,u) £ | rsinu with ~r<u<m.
0
Parameters (p=1l+n+s=14+3+2=6, ¢g=0):

ag =r, a-p = (X07}/0,Z0)T ? ar = (w7(p)T °

XHG matrix (4.25):
% —rsinuy —TCcosU
o rcosu | , H=|-rsinu}| ,
u 0 0

cosu —sinu
Go = | sinu | , G, =] cosu .
0 0
Location parameter value u of the minimum distance point x; from the given point

X; = Rw,zp(xi - XO)I

1Y

u, = tan
T;

B.2.6 Sphere

A sphere can be described as an implicit surface.

Standard feature equation (1.1):
flr,x) 2 %(w2+y2+zz~r2) =0.
Parameters (p=1+n+s=1+3+0=4, ¢=0):
Qg =T, ap:(X07}/anO)T, a=g.

FHG matrix (3.21):

z 1 00 o
z 0 01

Minimum distance point x} from the given point x; = X; — Xo:

oo o

r r T4
X, = X; = i | .
kTt a2 g+ 22 Z:
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B.2.7 Cylinder

A cylinder can be described as an implicit surface.

Standard feature equation (1.1):

f(r,x) 2 %(w2 +y?-r?)=0.
Parameters (p=l+n+s=14+3+2=6, ¢g=1):

ag =r, ap = (Xo,Ys,2Z,)T, a, = (w,9)T.
Parameter constraint (2.33):

fc(ap,ar) = (Xo - X)Trz(ws (P)
(X, - X

FHG matrix (3.21):

e 100 -
vi=[y|, H=[0 10|, &=
0 000 0

Minimum distance point x; from the given point x; = R, o(X; — Xo):

oo

Z4
\/I?y + y?
K1
T\/I? +y?2

2

r

B.2.8 Cone

A cone can be described as an implicit surface.

Standard feature equation (1.1):

2

)S,p — (Yo — Y)SuCyp + (Zo — Z)CCyp = 0.

119

1 »\?
f(lb,r,x)é—[a:2+y2—(r~ztan—-)}=0 with —wr<t¢¥<m.

2
Parameters (p=Il4+n+s=2+3+2=7, ¢=1):

ag = (w:T)T ) ap = (XO:YO:ZO)T ) ar = (w, ‘P)T .
Parameter constraint (2.33):

fc(ap,ar) £ (Xo —- X)Trz(w,cp)

= (Xo — X)Sy — (Yo = ¥)SuCyp + (Zo — Z)C.Cp = 0.
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FHG matrix (3.21):

T

Vf=
(r — ztan — ) tan
z
2

2

0

( Zi

r
inzyf}‘yi
1

23
0
0

rcot —
2

r

= vertex)

e~

zi) sin | —=—=
z) sin Y| ———

El(zi,bnd
1

= '(zi,bnd
2

r cot %}— — (Zi,bnd —

with

Zibnd = Tcot% +y/22+yl

B.2.9 Torus

A torus can be described as an implicit surface.

Standard feature equation (1.1):

flri,re,x) &

|

(-72: — ztan %) sec?

Minimum distance point x; from the given point x; =

4

2

(r — ztan¢> sec? %

2

Y

2

NEET:

z; +y;

,‘) COS2 5

—2(r3 + r})(z? + )
+2(r§ —r3)2% + (r§ — r})

1
, H=|?
0

tan — .

0 0
1 0
0 ——ta\n2£
Y
r+ z tan 5
0
t =
am2
RW,,(Xi t Xo)i

Y =0, ie,acylinder

¥ #0 and
" sign(¥) - zi > sign(¥) - zipna

% #0 and
" sign(¥) - z; < sign(v¥) - Zibnd s

1 ( oyt + 2+ 2(2?y? + 222 + 2%2?) )
=0.
2
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Parameters(p=1+n+s=2+3+2=7, ¢=0):
ag = (7‘1,7’2)T ) ap = (XOa Y:JaZO)T ) ar = (wa ()O)T .

FHG matrix (3.21):

D—-rd)zx
Vi=[(D-m3)y ]|,
D+r3)z
222 4+ D — r2 27y 2zz
H = 2yx 242+ D —r3 2yz ,
22z 22y 222+ D+ r
—r1 (D + ) -1y (22 +y? — 22 —r§ +r})
_ —2rz —2rox
G= ~2r1y —2ray ’
—2rz 2792

with
D=z?+y*+22—r}.

Minimum distance point xg from the given point x; = Ry, 4 X —Xo):

1
T R
X = xi,circle + , (X; x11,(:ircle) ’
‘ Xi — X circle
with
i
’ 2
X,

. = — | %
1,circle \/m Oz
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C. FHG Matrix of Superellipse and Superellipsoid

Except for a superellipse and superellipsoid, the derivation of the FHG matrix (3.21)
is straightforward with the implicit curves and surfaces shown in this work. Because
the power function and logarithm function may cause a data overflow and domain
error, careful coding of the program source for the FHG matrix is essential for su-
perellipse and superellipsoid fitting.

C.1 Superellipse

To give a compact description and efficient source coding of the FHG matrix, the
following superellipse function is used:

flabex) 2y (('%')/ ; ('_g')/ . 1> |

The FHG matrix of this superellipse function is

L) w0

. ( ~AJa  —B/b —(AlnA+BlnB)/2>
G==|-2A/cazx 0 —A(l1+1nA)/ex ,
0 —2B/eby  —B(1+InB)/ey

with
A=(|z|/a)** and  B=(ly|/b)*/".

From the fact lim;_.q zInz = 0, the occurrence of the domain error In(0) in run-
time program is prevented by treating [0 1n(0)] = 0 as a group.
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C.2 Superellipsoid

For superellipsoid, the following function is used:

€1 N €1/€2 2/e;
al =\ ¥/ ly[\¥/* |z| _
f(a7b7 6351,52,x) =3 p + T) + ._..c 1 .

In order to reduce the danger of a data overflow by the power function, some inter-
mediate variables canceling similarly sized values are introduced as below:

d = (|z|/a)*** + (ly|/b)*** , and
A= (l2l/a)**1/d, B=(lyl/p)*/*/d, C=(z/0)*, D=d*/.

Then, the FHG matrix of the above superellipsoid function will be

A —
wa = D2 (2A61 £2 +2"51) )
E1E2X €9
Hyy = BD2 (2351 — 2 +2—51> )
AD/z €182y €2
£9 C/z sz—gy(2“52),
ABD —
Hoy = Hyo = 2 <€1 62) ’
E1E22Y (2]
Hyz=sz:sz: wz:O,
AD/a
<ﬁ)T = Bé;éb
Oag €2 | D(AlnA+ BlnB)/2
(ClnC+D1nD)/2
2 (Au+l>
a £2

2( 51——52)

T -| B

0 97\"_ -4D A
Baz dx)  eieqx 0 e ’
! 2) +InA

(AlnA+ BinB) (

2
1 +mD)
€2
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. 2 (B—El 2 1)

0 of\ _-BD b &2

Oag 0y)  eie2y 0 e

(AlnA + Bln B) (15—2> +InB
2

11+ D)
€2

0
( 8 8f)T | 0
S N Y
Oag Oz €5z 0

1+InC
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